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Preface

The first Seminar on Mathematical Sciences (SOMS2019) took place at the Semi-
nar Room, Centre of Foundation Studies for Agricultural Science, Universiti Putra
Malaysia on twenty-fifth September 2019. Researchers and postgraduates from var-
ious universities over Malaysia gave an attention-grabbing presentation concerning
the present literature reviews on their field.

At the end of the seminar, the presenters and the audience concurred that math-
ematical variety may be an intriguing research challenge. In the era of multidisci-
plinary research, such a challenge can be crucial for the long term to the mathemat-
ical community in Malaysia. Hence, we determined to edit a book to fit with the
word of wisdom; Embracing Mathematical Diversity which also was chosen as the
theme of SOMS2019.

UPM Press, Universiti Putra Malaysia promptly agreed to publish such a volume.
We approached leading scientists within the several fields and received favorable
answers from all of them. There have been sixteen papers chosen for publication.
It covers selected areas in mathematical studies like fluid dynamics, mathematical
cryptography, and numerical analysis.

We are now very happy to present this book. We hope that it serves as an in-
troduction to the respective mathematical field, as an overview of the state of the
art, and as an encouragement for many more researchers and graduated students to
join us in embracing mathematical diversity.

UPM Serdang, Malaysia
November 2019

Muhammad Asyraf Asbullah
Mohd Ezad Hafidz Hafidzuddin
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Chapter 1

Introduction
Muhammad Asyraf Asbullah*

∗ Centre of Foundation Studies for Agriculture Science, Universiti Putra Malaysia,
43400 UPM Serdang, Selangor, Malaysia.

*Corresponding author: ma asyraf@upm.edu.my

On September 25, 2019, Wednesday, Mathematics Unit of the Center for Agricultural
Science, Universiti Putra Malaysia held a mathematics seminar entitled ”Seminar on
Mathematical Sciences” (SOMS2019). The seminar aims to bring together to share
ideas and research works among academics, researchers and postgraduates involved
in mathematical science research. A total of 35 participants attended the seminar
and 16 of them have presented their findings. Participants included researchers
from various research backgrounds and universities in Malaysia. It is hoped that
these seminars will play a role in leading the sustainability industry which requires
mastery of science especially in the field of Mathematics. The rest of this book is
organized as follows.

A theoretical investigation of Marangoni-Bénard convection in the existence of
internal heating of an anisotropic porous medium of a ferrofluid layer system had
been presented in Chapter 2 by using regular perturbation method. The goal is
to initiate Marangoni-Bénard convection in an anisotropic porous medium of a fer-
rofluid layer system with additional internal heating impact. The lower and upper
limits are regarded to be rigid-free borders and both limits are regarded to be in-
sulated to any disturbance of temperature. Using a regular perturbation technique,
the eigenvalue problems are solved. Hence the critical equation of Marangoni and
thermal Rayleigh acquired.

A discussion on linear stability analysis as a tool to study the effect of internal
heating and Coriolis force on couple stress fluid in an anisotropic porous medium,
which is heated from below is presented in Chapter 3. The Boussinesq approxi-
mation and momentum equation also used for the density variation in the porous
medium. The eigenvalue problems of the perturbed state are obtained by using the
Galerkin method from a normal mode analysis. The results in this chapter show the
effect of internal heating and mechanical anisotropic parameter destabilizes the sys-
tem while increasing the thermal anisotropic parameter, the effect of Coriolis force
and couple stress fluid helps to stabilize the system.

1
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A survey on the partial key exposure attacks which are categorized for the type
of exposure on the RSA cryptosystem parameters is discussed in Chapter 4. The
first category compiles the attacks where the adversary has Most Significant Bits
(MSB) or Least Significant Bits (LSB) of the RSA primes. The second category
focuses on the attacks where MSBs of the RSA private exponent are exposed and
the last category considers attacks where LSBs of the RSA private exponent are
exposed. In a nutshell, both attacks assume that an adversary employs an incom-
plete arrangement of bits of the RSA private keys. The methods used in the attacks
manipulate mathematical structures of the keys.

Next, Chapter 5 aims to solve a problem of magnetohydrodynamics rotating
boundary layer flow over a permeable shrinking sheet numerically via the Keller-box
Method. The similarity transformations are used to reduce the system of partial dif-
ferential equations (PDE) into a system of ordinary differential equations (ODE).
The transformed equations are then solved using the Keller-box Method. The ef-
fects of the governing parameters involved, namely magnetic parameter, suction
parameter and rotating parameter on both the velocity and lateral velocity fields
are presented and discussed.

A study about magnetohydrodynamics (MHD) Newtonian fluid flow caused by
an exponentially stretching sheet is presented in Chapter 6, subjected to the pa-
rameters such as assisting flow and buoyancy ratio. The governing basic equations
such as flow, momentum, energy and concentration equations are converted to non-
linear ordinary differential equations (ODEs) by using the non-similarity method.
Subsequently, the ODE is solved numerically, hence the numerical results for the
skin friction coefficient, the local Nusselt number, and the local Sherwood number
are obtained. Moreover, the variations of the velocity, temperature, and concentra-
tion profiles are presented, along with the characteristics of the flow, heat and mass
transfer.

The mathematical model of the magnetohydrodynamics (MHD) of Casson fluid
flow with heated at the surface due to Newtonian heating is described in detail in
Chapter 7. The study takes into account in a concentrated Casson fluid flow with
the existence of thermal radiation. Similarity transformation is used, to convert the
governing equations, for instance; continuity, momentum, energy, and mass diffu-
sion equations into ordinary differential equations (ODE). Later on, these ODE is
determined by applying the finite-difference method. The profiles of velocity, tem-
perature, concentration and concentration gradient are depicted for certain values
of controlling parameters.

Chapter 8 reviews several variants of RSA cryptosystem constructed based on
various algebraic structures such as the instances of RSA extended with elliptic
curves, Gaussian integers, and Lucas sequences. Remark that this chapter specif-
ically focuses on the variants of RSA having its public and corresponding private
keys e and d respectively and satisfying a very particular key equation. All cryptan-
alytic works presented in this chapter were scrutinized especially via the continued
fractions method and Coppersmith’s method.

The qualitative effect of a cubic temperature gradient on the linear stability

2
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analysis on the onset of Rayleigh-Benard convection in an Eringen’s micropolar
fluid is studied throughout Chapter 9 via a single term Galerkin technique. In
the case of Rayleigh-Benard convection, the eigenvalues are obtained for free-free,
rigid-free, rigid-rigid velocity boundary combinations with isothermal and adiabatic
temperature conditions on the spin-vanishing boundaries. The influence of various
parameters has been analyzed. This chapter deals with two cubic temperature gra-
dient and a linear temperature profile and their comparative influence on the onset
of convection are discussed.

Chapter 10 investigates the influence of non-uniform basic temperature gradi-
ents in the presence of internal heat generation, electric field and feedback control
on the onset of Marangoni convection in a micropolar fluid via the linear stability
analysis. As a result, the eigenvalue for an upper free adiabatic and lower rigid
isothermal boundaries are obtained and solved using the Galerkin method. The ef-
fect of internal heat generation, electric number, and feedback control on the onset
of Marangoni convection have been figured out. Three non-uniform basic profiles of
the temperature are studied and several general conclusions about their destabiliz-
ing effects are revealed.

The characteristics of the fluid flow and heat transfer of magnetohydrodynamic
(MHD) thermosolutal Marangoni convection in the presence of heat and mass gen-
eration or consumption with radiation through the permeable surface is studied
Chapter 11. The basic governing partial differential equations transformed into
a nonlinear ordinary differential equation using the similarity transformation and
solved numerically. The analysis is done to analyze the effect of radiation and suc-
tion/injection on the flow of the fluid and the features of the problem are generalized
in the form of tables and figures. The result obtained is then compared with the
previous work on which dual solutions exist, thus a stability analysis is performed.

The solution for single, double and triple integrals with variable limits based
on linear Legendre multi-wavelets are proposed in Chapter 12. An algorithm with
the properties of linear Legendre multi-wavelets is constructed to find the numerical
approximation for the integrals. The generalized algorithms for solving the integrals
are simple and easily applicable. Some numerical examples for single, double and
triple integrals are given to show the efficiency of the method. The approximation of
the integrals by using linear Legendre multi-wavelets is compared with the existing
methods in order to validate the error estimation.

Chapter 13 revisit the construction of the first lattice-based encryption scheme
that was considered practical known as the Goldreich-Goldwasser-Halevi (GGH)
cryptosystem. Despite offering better efficiency and practicality compared to number-
theoretical schemes, the GGH cryptosystem is considered broken due to the Nguyen’s
and Lee-Hahn’s attacks. Moreover, these attacks are described in detail in order to
facilitate the investigation of the weak points of the GGH cryptosystem that being
exploited by the said attacks. As a result, several potential strategies to strengthen
the GGH cryptosystem are presented.

Chapter 14 presents a multi-step method in backward difference form. The back-
ward difference formulation offers a solution to the tedious calculation of integration
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coefficients. Remark that the previous multi-step method using a divided difference
formulation for solving higher order ordinary differential equations (ODEs) requires
calculating the integration coefficients at every step. Rather than calculating inte-
gration coefficients at every step change, a backward difference formulation in this
chapter requires calculating integration coefficients only once in the beginning and
if required, once more at the end.

Chapter 15 investigates a study of boundary layer flow of water-based nanofluids
containing single (SWCNTs) and multi-walled (MWCNTs) carbon nanotubes past
a moving plate with the effect of second-order slip flow. After initiating the appro-
priate similarity variables, the resulting nonlinear ordinary differential equations are
obtained. Influences of the selected values of parameters involved in the governing
equations such as first and second-order slip parameters, velocity ratio parameter
and nanoparticle volume fraction parameter on the velocity, temperature, skin fric-
tion coefficient and local Nusselt number are explained graphically. It is revealed
that for a certain range of the velocity ratio parameter i.e., the plate moves in the
opposite direction, dual solutions exist. The existence of the slip parameter also
increases the range of solution and heat transfer rate, whereas the skin friction de-
creased.

An analysis has been done to examine the boundary layer flow of an electrically
conducting nanofluid passing through a horizontal thin needle in Chapter 16. The
resulting system of ODE is obtained via similarity transformations. The results for
the local Nusselt number, skin friction coefficient, and profiles are graphically por-
trayed concerning the parameters of interest. The results obtained have shown that
the multiple solutions are available in a certain region of the velocity ratio parame-
ter. Stability analysis is applied to verify which of the solutions obtained are stable.
It is noticed that the stable solution is represented by the upper branch solution.

The final chapter which is Chapter 17 focuses on the mathematical formulation
for the stability analysis of an unsteady three-dimensional boundary layer flow past
a permeable stretching/shrinking sheet. Similarity transformation is used to reduce
the governing system of nonlinear PDEs into a system of ODEs. Multiple solutions
are found for a certain range of the governing parameters. The stability of the
solutions obtained is analyzed to determine which solution branch is stable and
physically realizable.
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Abstract

In an anisotropic ferrofluid layer system, a linear stability assessment was performed
to study the impact of internal heating on the onset of Marangoni-Bénard convec-
tion. The system is heated from below with both the lower and upper limits being
deemed completely insulated to the disturbance of temperature. The eigenvalue
problem is solved by using regular perturbation technique to obtain the critical
Marangoni number and also the critical thermal Rayleigh number. It is noted that
the increase of value internal heating, anisotropic permeability and also magnetic
number will destabilize the system while the increasing values of Darcy number and
also anisotropic thermal diffusivity will help to delay the convection.

Keywords: Anisotropic, Ferrofluid, Marangoni-Bénard, Internal Heating.

2.1 Introduction

Ferrofluid or also known as a fluid that contains a magnetic particle and Kaiser
and Miskolczy [1] list and discussed the application of this fluid in their researched.
Hennenberg et al. [2] are then discussed the ferrofluid layer system with a deformable
surface in the combination between Marangoni and Cowley-Rosensweig. A lot of
studied related to the convection ferrofluid with a various effect had been done one
of it are from Sheikholeslami and Ganji [3] that studied external magnetic source in
ferrofluid.
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Yang [4] researched the impact of thickness boundary on the convection of
Marangoni-Bénard. Hennenberg et al. [5] had proved the implementation of the
Brinkman model in the convection of Marangoni-Bénard. In a recent studied,
Mokhtar et al. [6] the impact of the internal heating with the upper boundary are
considered to be deformable in a two layer system while Abdullah and Bakhsh [7]
added the effect of rotation in a Marangoni-Bénard convection.

In most of a previous research only a considering an isotropic porous medium
but recently anisotropic porous medium had been examined. Degan and Vasseurt [8]
examined the vertical anisotropic porous medium on the onset of convection. Con-
vection of a ferrofluid layer system in an anisotropic porous medium had been done
by Sekar, Vaidyanathan, and Ramanathan [9]. Shivakumara et al. [10] examined
the impact of internal heating in two layer system on the onset of Marangoni con-
vection. Recently, Hamid et al. [11] considered on nonlinear temperature profile in
an anisotropic porous medium of a binary fluid.

The reaction of internal heating in convection of a deformable surface had been
demonstrated by Char and Chiang [12]. Wilson [13] investigated the impact of
internal heating in a Marangoni convection while Nanjundappa, Shivakumara, and
Arunkumar [14] researched the impact of internal heating in a ferrofluid layer system.
The combination of feedback control and internal heating on the onset of double
diffusive convection had been done by Khalid et al. [15].

The objective of this research is to initiate Marangoni-Bénard convection in
anisotropic porous medium of a ferrofluid layer system with additional internal heat-
ing impact. The lower and upper limits are regarded to be rigid-free borders and
both limits are regarded to be totally insulated to any disturbance of temperature.
Using regular perturbation technique, the eigenvalue problems are solved and we
acquired the critical equation of Marangoni and thermal Rayleigh.

2.2 Methodology

We considered a horizontal ferrofluid layer system is heated from below as shown in
the Figure 2.1. The lower boundary is set to be rigid while the upper boundary is
set to be free. Both of the boundaries are fixed to be constant but the temperature
of the lower bound are higher compared to the upper bound.

Figure 2.1: Physical configuration of the system.

By referring to Nanjundappa and Vijay Kumar [16], the problem can be written
as in the following form after going through the process of non-dimensionalizing and
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normal mode [
Λ
(
D2 − a2

)2 −Da−1

(
1

ξ
D2 − a2

)]
W+ (2.1)

a2RmF (Dφ− θ)− a2Rt θ = 0,

D2θ − ηa2θ − F (1−M2)W = 0, (2.2)

D2φ− a2M3φ−Dθ = 0, (2.3)

with the boundary condition

W = Dθ = DW = φ = 0 at z = 0, (2.4)

W = Dθ = Dφ = D2W +Maa2θ = 0 at z = 1, (2.5)

where:
ξ = kh

kv
is an anisotropic permeability,

D = d
dz ,

Rm = RtM1 =
µ0K2

1β
(1+χ)αtρ0g

is the magnetic Rayleigh number,

F = Ns(1− 2z)− 1 internal heating,
a2 = l2 +m2 is the wave number,

Λ =
µ̃f
µf

is the ratio viscosity,

Rt = αtgβd4

νκA is the thermal Rayleigh number,
η = κh

κv
is an anisotropic effective thermal diffusivity,

Da−1 = kh
d2

is the Darcy number,

M2 =
µ0T0K2

1
1+χ is the magnetic parameter,

M3 =
1+

M0
H0

1+χ is the nonlinearity of the ferrofluid,

Ma = σT4Td
µκ is the Marangoni number.

By referring to Finlayson [17], M2 will not affect the Marangoni-Bénard convec-
tion since the value of it will be approximated to zero because the value too small
which is 10−6. In order to solve (2.1) till (2.3) with the boundary conditions (2.4)
and (2.5), regular perturbation method will be used. The variables are in following
the form

(W, θ, φ) = (W0, θ0, φ0) + a2(W1, θ1, φ1) + · · ·, (2.6)

By substituting equation (2.6) into (2.1) till (2.5) we will get the zeroth equation as
follows

ΛD4W0 −Da−1

(
1

ξ
D2W0

)
= 0, (2.7)

D2θ0 − FW0 = 0, (2.8)

D2φ0 −Dθ0 = 0, (2.9)

with the boundary conditions

W0 = DW0 = θ0 = φ0 = 0 at z = 0, (2.10)

W0 = D2W0 = Dφ0 = Dθ0 = 0 at z = 1. (2.11)

The solution to the zeroth order equation (2.7) till (2.9) by using boundary
conditions (2.10) and (2.11) are as follow

W0 = 0,
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θ0 = 1, (2.12)

φ0 = 0.

By substituting (2.12) we will get the first order equations as follow

ΛD4W1 −Da−1

(
1

ξ
D2W1

)
−RmF −Rt = 0, (2.13)

D2θ1 − η − F W1 = 0, (2.14)

D2φ1 −Dθ1 = 0, (2.15)

with the boundary conditions

W1 = DW1 = Dθ1 = φ1 = 0 at z = 0, (2.16)

W1 = φ1 = Dθ1 = D2W1 +Ma = 0 at z = 1. (2.17)

The equation (2.13) to (2.17) will be solved by using MAPLE. The equation of Mac
will be generate in term of Ns,M1, Rt,Rm, η, λ, ξ and Da−1.

2.3 Results and Discussion

Internal heating is assessed in an anisotropic porous medium at the onset of the
convection of Marangoni-Bénard. The findings are shown graphically in Figure
13.24-2.6 showing the variables relationship with Mac and Rtc. The study shows
that M3 did not have any contribution towards the convection of the system and
this result coincide with a previous study from Nanjundappa, Shivakumara, and
Arunkumar [14].

Figure 13.24 represent the relation of Ns with different values of η. The Mac
values drop as the value of Ns increase meanwhile the increment of η lead to the
escalation of Mac. It shows that the increasing of Ns cause a destabilization to the
system which is contradict to the effect of η that help to stabilize the system. It is be-
cause heat energy can be supplied efficiently through the porous medium due to the
increase of η that cause the increasing of thermal diffusivity. As a consequence, the
lower value of Mac are required since no need of horizontal temperature difference
to support the convection (Shivakumara et al. [10]). While the reason behind the
behavior of Ns is that the increasing of the energy supply lead to a destabilization
of the system (Khalid et al. [15]).
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Figure 2.2: Impact of η on Mac against Ns.

The effect of Da−1 with different value of Ns are demonstrate in Figure 13.25.
The graph shows that the increment of the value Da−1 lead to the increasing of
the Mac thus delay the Marangoni-Bénard convection towards the system. The
increasing of Ns and decreasing of Da−1 are found to help promotes the convection.

Figure 2.3: Impact of Ns on Mac against Da−1.

Figure 13.26 shows the response of ξ on Mac. This figure clearly shows that the
boost of the ξ values will lessen the value of Mac and this indicates that the effect
of ξ will destabilize the system. It is observed that this is due to the encouragement
of the fluid flow because of the increasing of permeability when ξ increase thus it
makes the system destabilize (Shivakumara et al. [10]). From this figure also, the
increasing of both ξ and Ns values will hasten the convection.
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Figure 2.4: Impact of Ns on Mac against ξ.

Figure 2.5: Impact of M1 on Mac against Da−1.

Figure 2.5 illustrated the combination effect of Da−1 and M1. The increasing
of M1 values will reduce the values of Mac. It happens because the rise of M1

values will hike the destabilize magnetic force that lead to the destabilization of the
system (Nanjundappa, Shivakumara, and Arunkumar [14]).The simultaneous effect
of increasing M1 and decreasing the values of Da−1 will destabilize the system.
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Figure 2.6: Impact of M1 on Rtc against Mac.

Figure 2.6 display the response of M1 on Rtc against Mac for different value
of ξ. From the figure it can be seen clearly that the increasing of M1 and Mac
will compress the values of Rtc. The values of M1 will compress to a fixed value
of Mac which is in this case for value ξ = 1 the Mac = 42.3 while for ξ = 2 the
Mac = 38.3. This finding is coinciding with the previous graph which is ξ will
enhance the convection.

2.4 Conclusion

A theoretical investigation of Marangoni-Bénard convection in the existence of in-
ternal heating of an anisotropic porous medium of a ferrofluid layer system had been
done by using regular perturbation method. We can conclude that the increasing
of Ns,M1 and ξ will promotes the Marangoni-Bénard convection while Da−1 and η
will help to stabilize the system. The combination of decreasing Da−1 and increas-
ing of Ns or M1 will enhance the convection. Besides the increasing of both Ns and
ξ also will destabilize the convection.
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Abstract

Linear stability analysis is used to study the effect of internal heating and Coriolis
force on couple stress fluid in an anisotropic porous medium, which is heated from
below. The Boussinesq approximation and momentum equation also used for the
density variation in the porous medium. The eigenvalue problems of the perturbed
state are obtained by using Galerkin method from a normal mode analysis. The
results show the effect of internal heating and mechanical anisotropic parameter
destablizes the system while increasing the thermal anisotropic parameter, effect of
coriolis force and couple stress fluid helps to stabilize the system.

Keywords: Anisotropic Porous Medium, Internal Heating, Couple Stress Fluid,
Coriolis Force.

3.1 Introduction

Internal heating is one of important effects which has been studied by many re-
searchers in porous medium problem. It also has attracted many researchers widely
in the field of engineering and its application. For example, decay of the radioactive,
combustion of the fossil fuels studies, gas and nuclear fuel. Couple stress fluid has
been considered as an isolation of the fluid in the kinematic level that leads to fully
determined by the velocity field by Stokes [1] . An extensively written review of
the literature about the phenomenon and the convection of porous medium can be
discovered which are from Ingham and Pop [2] , Nield and Bejan [3] and Vadász [4].
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From the previous studies, a few researchers considered double diffusive to be
investigated with internal heating. The internal heating is studied by Hill [5] with
the linear stability and nonlinear stability together with the diffusive concentration
in the porous medium while Srivastava et al, [6] added anisotropic in the porous
medium and couple stress fluid in their research. Bhadauria [7] has considered
internal heating which has been salted and heated from below in porous medium
related to anisotropy with double diffusive convection. He used linear analysis and
nonlinear analysis based on truncation Fourier series method and also been studied
by Hill [5] .

Vadász [8] studied the linear theory and for nonlinear theory with the effect Cori-
olis related to gravity-driven convection. Malashetty and Swamy [9] also has consid-
ered rotation effect by using a linear and nonlinear theories on the layer with porous
and also anisotropy effect. Vanishree and Siddheshwar [10] studied on temperature-
dependent viscosity including mono-diffusive convection with anisotropic rotating
porous layer with linear stability analysis. From Shivakumara et al, [11], they stud-
ied the couple stress rotating fluid with rigid saturared with layer of the porous and
been performed by stability analysis has been studied.

Saturated couple stress fluid with porous medium(anisotropy) on onset with
convection in different types and values of temperature gradient has been analyzed
by Shivakumara [12]. Next, Malashetty and Kollur [13] considered double diffusive
convection with the influence of in a anisotropic porous and couple stress in the
fluid is studied analytically. Kulkarni [14] has investigated the solid surface and
fluid surface with stability of couple stress fluid that being saturated with rotation
of porous governed by Darcy-Brinkman model.

In addition, anisotopic porous medium has recently been concerned by the re-
searchers. Govender [15] has investigated the used of Darcy model in natural convec-
tion of the stability convection in the anisotropy effect with rotating porous media.
By using Galerkin method, Parthiban and Patil [16] concerned about the inter-
nal of heat source with convection in saturated horizontal anisotropy of the porous
medium. While, Raghunatha et al, [17] considered perturbation method in investi-
gating Oldroyd-B layer with fluid saturated with anisotropy Darcy porous medium
in nonlinear stability thermal convection.

The purpose of our research is to carry out an investigation on the rotation
and the internal heating effects on couple stress fluid horizontal anisotropic porous
medium with respect to upper free conducting boundary conditions. Galerkin
method has been programmed and eigenvalue problem will be solved.

3.2 Mathematical Formulation

The couple stress in the fluid with an infinite horizontal porous medium with the
gravity is vertically downward, ~g = (0, 0,−g) has been considered. The depth, d is
vertically bounded by the planes in between z = 0 until z = d, been heated from
the bottom subject to constantly adverse temperature difference, 4T = Ts − Tv,
where Ts is the fixed value of lower temperature and Tv is fixed value for upper
temperature respectively. In addition, the system is rotated along the vertical axis
roundly with a consistent Ω = (0, 0,Ω) which is angular velocity with heat source.
The porous medium in the horizontal direction is assumed to be anisotropic on
both thermal property and mechanical property. Moreover, the effect of density
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variation is considered to go along with the Boussinesq approximation. With all
these assumptions,

Figure 3.1: Schematic Diagram of the Problem.

the governing of the equations are

∇ · ~w = 0, (3.1)
ρo
φ
∂ ~w
∂t + µ

~K∗
· ~w + 2 (~w × Ω) +5p∗ − ρ∗g +

(
µ− µc52

)
~w = 0, (3.2)

γ ∂T∂t − κTz
(
∇2T

)
+ (~w · ∇)T −Q (T − To) = 0, (3.3)

ρ∗ = ρ0 − ρ0 (T − T0)α. (3.4)

The thermal boundary conditions is given as

T0 = T −4T, z = 0, (3.5)

T0 = T, z = d, (3.6)

where ~w = (u∗, v∗, w∗) is the velocity vector while p∗ and φ are the pressure and

the porosity, ~K∗ = Kx

(
~ii+ ~jj

)
+Kz

(
~kk
)

is recognized as permeability tensor, µ

is the dynamic viscosity, µc is known as the viscosity couple stress of the fluid, Q is
the heat source, γ is the ratio of heat capacity, ρ∗ is the density of the porous which
is depend linearly on the temperature, T0 are the temperature, κTz is the vertical
thermal diffusivity, ρ0 and α are called reference density and also thermal expansion
coefficient respectively.

3.2.1 Basic State

Defined

p∗ = pb (z) , ~wb = (0, 0, 0) , T = Tb (z) , ρ∗ = ρb (z) . (3.7)

Eq. (7) is the basic state where b stand for the basic.

Substitute Equations. (7) into Eqs (1)–(4) which also can be satisfied by the
equations given

dpb
dz = −ρ∗g, d2Tb

dz2
= 0, ρb = ρ∗ [1− α (Tb − T0)] , (3.8)

κT
d2(Tb−T0)

dz2
+Q (Tb − T0) = 0. (3.9)
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The conduction state temperature Eqs (9) subject to the thermal boundary condi-
tions Eq. (5) and (6) are given by

Tb = T0 + ∆T
sin

√
Qd2

κTz
(1− z

d)

sin

√
Qd2

κTz

. (3.10)

3.2.2 Perturbed State

The infinitesimal perturbation for the basic state applied given as

w′ = ~wb − ~w, p′ = ~pb − ~p∗,

T ′ = ~Tb − ~T , ρ′ = ~ρb − ~ρ∗, (3.11)

where the primes representing the perturbation quantities. By using the infinites-
imal perturbation equation in Eq. (11) to Eqs. (1)-(6), the pressure term will be
eliminated by taking curl formula twice on the momentum equation of the porous
medium. The resulting equations will be nondimensionalized by transforming the
following transformation

(x′, y′, z′) = (x∗d∗, y∗d∗, z∗d∗) , t = γd2t∗

κTz
, T ′ = (∆T )T ∗,

(u′, v′, w′) =
(
κTzu

∗

d∗ , κTzv
∗

d∗ , κTzw
∗

d∗

)
, (3.12)

then the equation obtained are

[
σDa
γPr

∂
∂t 5

2
h +

(
52
h + 1

ξ
∂2

∂z∗2

) (
1− C52

h

)]
w∗

−RaT 52
h T +

√
Ta ∂ζ

∂z∗ = 0, (3.13)[
γ ∂
∂t∗ − η∇

2
h −

∂2

∂z∗2 + ~u∗ · ∇
]
T ∗ − [Q ((1− 2z)− 1)]w∗ = 0, (3.14)

ζ∗

ξ + ζ∗εn
∂
∂t∗ −

√
Ta∂w

∗

∂z∗ = 0, (3.15)

where Da = Kz
d2 known as the Darcy number, Pr = µ

ρ0κTz
known as the Prandtl

number, ν = µ
p0

is the kinematic viscosity, Ra = αg∆TdKz
νκTz

is the thermal Rayleigh

number, Ta = 2ΩKz
ν is the Taylor number, ζ is the vorticity, C = µc

µd2
is couple stress

parameter, Q is the heat source which defined as Q = qd2

2κ∆T , ξ = Kx
Kz

and η = κTx
κTz

are the mechanical and thermal anisotropy parameter respectively and εn = φ
γ is

the normalized porosity. The wave number defined as ax, ay in x−direction and
y−direction while σ represents the growth rate.

3.2.3 Linear Stability Analysis

Applied the nonlinear stability analysis on Eqs. (13)-(15) when nonlinear term is
eliminated as shown and by using normal mode expansion given below

(w, T, ζ) = (W (z) ,Θ (z) , ζ (z)) exp [i (ak + al) + σt] , (3.16)

the equations become[(
D2 − a2

)
σDa
Pr +

(
1− CD2 − Ca2

) (
D2

ξ − a
2
)]
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W +
√
TaDζ + a2RaΘ = 0, (3.17)(

D2 − σ − ηa2
)

Θ + (1−Q (1− 2z))W = 0, (3.18)

σ
Prζ −

(
1
ξ +D2 − a2

)
ζ −
√
TaDW = 0, (3.19)

where D = d
dz and a2 = a2

k + a2
l .

The appropriate boundary conditions that are given by

W = Θ = D2W = ζ = 0 at z = 0,

W = Θ = DW = ζ = 0 at z = 1. (3.20)

3.2.4 Method of Solution

Equations (17)-(19) with the boundary conditions for upper free boundries along
with lower rigid boundaries in Eq. (20) to form a linear eigenvalue problem from the
system. By using Galerkin higher series weighted residuals method, the eigenvalue
problem of convection in the porous medium is solved numerically. Furthermore,
the variables of W , θ and ζ are the basis function series and written as follows

W =

l∑
i=1

AiWi(z), θ =

l∑
i=1

Biθi(z), W =

l∑
i=1

Piζi(z), (3.21)

where Ai, Ci and Pi are constants and Wj(z), θj(z) and ζj(z) are the trial func-
tions which satisfies the boundary conditions. Next, the resulting equation is mul-
tiplied with Wj(z), θj(z) and ζj(z) respectively. By using integration by parts with
respect to l from 0 to 1, the boundary conditions in Eqs.(20) will lead to the linear
homogenous algebraic equations as follows

CjiAi +GjiBi +HjiPi = 0,

EjiAi + FjiBi + 0 = 0, (3.22)

MjiAi + 0 +NjiPi = 0.

The coefficients Cji−Nji will involve the inner product of the functions and given

by Cji =
〈

1
ξ

(
D2WjD

2Wi − a2Wja
2Wi

) (
1− C

(
D2 − a2

))〉
, Gji =

〈
a2RaWjθi

〉
,

Hji =
〈√

TaDWjζi

〉
, Eji = 〈1−Q(1− 2z)θjWi〉, Fji =

〈
D2θjθi − ηa2θjθi

〉
, Mji =〈

−
√
TaDWjζi

〉
and

Nji =
〈
D2ζjζi − a2ζjζi + 1

ξ ζjζi

〉
.

For 〈f1f2〉 =
∫ 1

0 f1f2dz in inner product is defined. When non-trivial solution
occur, the system will be ∣∣∣∣∣∣

Cji Gji Hji

Eji Fji 0
Mji 0 Nji

∣∣∣∣∣∣ = 0, (3.23)
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The eigenvalue will be extracted from the Eqs. (23). From this, the trial function
has been chosen as

Wi = (2z4 − 5z3 + 3z2)T ∗∗i−1,

θi = (z − z2)T ∗∗i−1, (3.24)

ζi = (z − z2)T ∗∗i−1.

where T ∗∗i−1 is known as the Chebyhev polynomial. The inner products will be ex-
pand by the determinant of the matrix in (23) to obtain Rayleigh number, Ra as an
eigenvalue of the functions and wavenumber, a with the different values of parame-
ters. The results of the covergence by using 4th term of the Galerkin expansion is
achieved. The eigenvalue is solved by using MAPLE software.

3.3 Results and Discussion

The coriolis force effect together with the effect of internal heating on couple stress
fluid in an anisotropic porous medium has been analysed to examine the upper
and lower free conduction plates. Linear stability analysis has been used in this
research. The eigenvalue results are obtained from numerical solutions of the ordi-
nary differential equations (ODE) by using Galerkin method respect to boundary
conditions. Various parameters included in the natural stabilize curve which are the
Taylor number, thermal anisotropic, mechanical anisotropic, Rayleigh number, in-
ternal heat source parameter and couple stress parameter. Prandtl number are fixed
to Pr = 1 for the system excluding the varying one. All the results are obtained to
show the various parameters reacts that can be observed on the Rayleigh number,
Ra together with the wave number, a in Figures 2 until 6, respectively.

Figure 3.2: Ra against a, various values of η.

First, Figure 2 shows the various values of thermal anisotropic parameter, η
from the graph of Rayleigh number, Ra versus wave number, a with fixed values
ξ = 1, C = 2, Q = 2, Ta = 100. The value of thermal anisotropic parameter, η
increases when the value of Ra increases, respectively. Hence, increasing the value
of η will stabilize the system. Next, Figure 3 represents the graph of Ra with
increasing effect of mechanical anisotropic parameter, ξ, the value of η = 1, C =
2, Q = 2, Ta = 100 are fixed. It has been shown that, with the increasing value of ξ,
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Figure 3.3: Ra against a, various values of ξ.

Figure 3.4: Ra against a, various values of C.

Figure 3.5: Ra against a, various values of Ta.
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Figure 3.6: Ra versus a, various values of Q.

the Ra decreases. The increase in ξ will increase the porous medium and the steady
free convection is occurred. Thus, the value of ξ will destablize the system.

Figure 4 displays the couple stress parameter, C towards Ra and the fixed values
are ξ = 1, η = 1, Q = 2, Ta = 100. The variation of couple stress parameter increase
when Ra increases. Based on the graph, the influence in increasing the couple stress
parameter of the fluid will result in the delay of the onset of the convection. Besides,
Figure 5 also deals with the various values of Taylor numbers, Ta which are 100, 300
and 500 with respect to fix values of ξ = 1, η = 1, Q = 2 when C = 1 and C = 1.5.
The effect of Coriolis force acting on the system will be higher than the Figures 2-4
because of the increase in the rotation of angular velocity, Ω. Hence, the influence
of Coriolis force will also delay the system of the onset of steady of the convection.
Next, the Rayleigh number, Ra versus wave number a is depicted in the Figure 6 with
effect from internal heating, Q at fixed value of ξ = 1, η = 1, C = 2, Ta = 100. It is
found that the increasing Q will decrease the value of Ra. The fact that increasing
Q is to advance the onset of convection in the system according to Bhadauria et
al, [18]. As a result, internal heating will destablize the system.

3.4 Conclusion

Numerically study has been carried on the couple stress fluid with the stationary
thermal convection in horizontal state of anisotropic porous medium been heated
along with the effect of Coriolis force and internal heating from below. In addition,
the eigenvalue problem has been solved by linear stability analysis using Galerkin
method which been programmed using MAPLE software. The values of Ta discov-
ered to increase the number of Ra while Ra decreases when increasing heat source.
Thus, effect of internal heating are found to advance the onset of the convection.
Therefore, C will delay the onset of the convective. From the result obtained, the
mechanical anisotropic parameter, ξ found destabilizing the system while the ther-
mal anisotropic parameter, η stabilizing the system.
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Abstract

In today’s digital world, RSA cryptosystem is regarded as the most widely deployed
public-key cryptosystem on digital machines that compute cryptographic processes.
It secures the sensitive data that are either transmitted via internet or at rest in
the computing machines. It utilizes integer factoring problem which is essentially
one of the unsolved number theoretic problem. Due to its vital functionality, RSA
is confronted by cryptanalysis or ‘attacks’ to which define a higher benchmark of its
security level. In this paper, we survey the established partial key exposure attacks
on RSA. The attacks assume that an adversary employs an incomplete arrangements
of bits of the RSA private keys. The methods used in the attacks manipulate math-
ematical structures of the keys.

Keywords: RSA cryptosystem, partial key attack, Coppersmith’s method.

4.1 Introduction

Public-key cryptography gives a concept of a padlock which can be opened and
locked by two different keys. It is an important solution of the key distribution
problem that surrounds a digital communication system. It also ensures the pri-
vacy of the data in the system remains confidential. One of the earliest public-key
encryption scheme is RSA cryptosystem which was introduced by Rivest, Shamir
and Adleman in 1977 15. RSA utilizes a hard mathematical problem called integer
factorization problem (IFP). It provides a notion that the processes of finding the
prime factors of a very large integer as used in the RSA is an infeasible task for
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a current computing machine. This notion is used as one of the security elements
that safeguard the private keys of RSA. However many attacks have been introduced
over the years to reduce the factorization computation in the RSA cryptosystem to a
polynomial time computation which is a feasible task to be executed by a computing
machine. One of the established attacks is known as the partial key exposure at-
tacks. The attacks assume that an adversary have the partial information regarding
some of the RSA parameters. This partial information includes some arrangements
of the most significant bits (MSBs) or the least significant bits (LSBs) of the RSA
private keys. The assumption is not misguided as there are real-world methods to
collect this information of the RSA private keys. One of the practical method to
do this is via a side-channel attack that can collect physical information leaked out
of electronic devices. This includes the computational power and time of certain
RSA computations, especially the RSA decryption processes in a digital device 13.
However, the mathematical impetus of the partial key exposure attacks is mainly
due to a method which is known as Coppersmith’s method. The method is basically
tries to find the small solutions of the polynomials modulo certain RSA parameter
4.

This paper presents a survey on the partial key exposure attacks which are
categorized with respect to the type of exposure on the RSA parameters. The first
category compiles the attacks where the adversary has MSBs or LSBs of the RSA
primes. The second category focuses on the attacks where MSBs of the RSA private
exponent are exposed and the last category considers attacks where LSBs of the
RSA private exponent are exposed.

4.1.1 Overview of This Paper

In Section 4.2, we show the working algorithms of the RSA cryptosystem. To execute
the partial key exposure attacks on the RSA cryptosystem, we must be familiar with
the concept of lattice and the overview of a helpful method known as Coppersmith’s
method. All these are explained in Section 4.3. The partial key exposure attacks are
categorized into the types of exposure on the RSA parameters. The first category is
detailed in Section 4.4. The attacks of the second category are presented in Section
4.5. The third category of the partial key exposure attacks is shown in Section 4.6.
Then, the paper is concluded in Section 4.7.

4.2 RSA and Cryptosystem

To begin using RSA cryptosystem, a security parameter, n has to be chosen first.
The parameter indicates the level of security of RSA intended for its users. The
current recommendation value for n is 2048 7. Using the value of n as its input,
RSA key generation algorithm selects randomly two different primes of n-bits size
named, p and q to compute RSA modulus, N where N = pq. Then, the Euler’s phi
function of N is computed. Particularly, φ(N) = (p − 1)(q − 1). A parameter, e
then is chosen where e < φ(N) before its corresponding d is obtained such that

ed ≡ 1 (mod φ(N)) or ed− kφ(N) = 1 (4.1)

for some integers k. Equation (4.1) is commonly called as RSA key equation. By
establishing all of the values, the algorithm outputs (N, e) as RSA public keys and
key tuple (p, q, φ(N), d) as RSA private keys. The hardness of IFP embedded in
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RSA is shown in the structure of N which cannot be factored easily if p and q are
very large primes. We present RSA key generation algorithm as follows.

Algorithm 4.2.1 RSA Key Generation Algorithm 15

Input: Security parameter, n
Output: RSA public keys (N, e), and RSA private keys (p, q, φ(N), d)
1: Generate randomly two distinct of n-bits primes p and q where p < q < 2p.
2: Compute N = pq.
3: Compute φ(N) = (p− 1)(q − 1)
4: Choose e such that e < φ(N) and gcd(e, φ(N)) = 1
5: Compute d such that ed ≡ 1 (mod φ(N))
6: Output (N, e) as RSA public keys and (p, q, φ(N), d) as RSA private keys.

The public key pair (N, e) can be obtained by anyone who intends to commu-
nicate securely with the owner of the RSA private keys. To encrypt the message,
RSA encryption algorithm uses the public keys to transform it into an unreadable
text called ciphertext, c using the equation

me ≡ c (mod N) (4.2)

and send c via any communication line whether it is secure or not. The exponen-
tiation calculation in (4.2) makes e can also be called as RSA public exponent.
The encryption is shown in the following algorithm:

Algorithm 4.2.2 RSA Encryption Algorithm

Input: The plaintext m and the public key (N, e)
Output: A ciphertext c
1: Choose integer 0 < m < N such that gcd(m,N) = 1
2: Compute c ≡ me (mod N).
3: Output the ciphertext c

The owner of the RSA private keys then decrypts the ciphertext using RSA
decryption algorithm which utilizes RSA private keys in the equation

cd ≡ m (mod N) (4.3)

The exponentiation calculation in (4.3) makes d can also be called as RSA private
exponent. The decryption is shown entirely in the following algorithm:

Algorithm 4.2.3 RSA Decryption Algorithm

Input: A ciphertext c and the private key (N, d)
Output: The plaintext m
1: Compute m ≡ cd (mod N)
2: Output the plaintext m

RSA utilizes a theorem from Euler to ensure the plaintext, m that is encrypted
in (4.2) can be transformed back to its original form. The theorem, which can be
read in 9 states that suppose N and a are coprime positive integers, then aφ(N) ≡ 1
(mod N) where φ(N) is the Euler’s totient function of N . The result from this
theorem helps to prove the correctness of (4.3) as shown below.
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Theorem 4.2.1 (RSA’s Proof of Correctness). Let N = pq be an RSA modulus and
φ(N) = (p − 1)(q − 1). Suppose ed ≡ 1 (mod φ(N)). For any 0 < m < N with
gcd(m,N) = 1, if me ≡ c (mod N) then cd ≡ m (mod N).

Proof. Since ed = 1 + kφ(N) for some integers k then

cd ≡ (me)d ≡ m1+kφ(N) ≡ m ·mkφ(N) (mod N) (4.4)

From Euler’s Theorem, since gcd(m,N) = 1 we know that mkφ(N) ≡ 1k ≡ 1
(mod N). Hence (4.4) can become

m ·mkφ(N) ≡ m · 1 ≡ m (mod N).

This terminates the proof.

4.3 Lattices and Coppersmith’s Method

To understand the method used in most of partial key exposure attacks on RSA,
we need to be familiar with the concept of lattice which are used in the significant
portions of the attack. The method tries to find the small solutions to the polynomial
equations of modulo N or divisor of N . The method was proposed by 4 and is known
as Coppersmith’s method. But first, we introduce the definition of lattice and some
of its useful properties used in the method.

Definition 4.3.1. Let Rn be n-dimensional real vector space. Suppose b1, . . . , bd
are r linearly independent vectors for Rn with r ≤ n. Then lattice that spans
b1, . . . , br is defined as the set all integer linear combinations of the vectors b1, . . . , br.
Particularly,

L =

{
r∑
i=1

xibi|xi ∈ Z.

}
Lattice L has several properties as follows:

a. The basis of L is given as (b1, . . . , bn) with dimension n;

b. The determinant of L is defined as det(L) =
√

detUTU where U is the matrix
of the ui’s in the canonical basis of Rn; and

c. Euclidean norm of a vector b ∈ L is defined as ‖b‖.

4.3.1 LLL Algorithm

The aim of the algorithm is to find the approximation of the ‘short’ vector which
has small integers in its basis. The algorithm has many applications including in
finding simultaneous approximations in rational form to real numbers and factoring
polynomials with rational coefficients. It is an important tool used in Coppersmith’s
method. We show the useful properties of the LLL algorithm in the next theorem.

Theorem 4.3.2 (LLL algorithm). Let L has dimension of n. Given LLL reduced
basis {b∗1, b∗2, . . . , b∗n} ∈ L, its properties are including but not limited to:

n∏
i=1

‖bi‖ ≤ 2
n(n−1)

4 det(L)
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and
‖b1‖ ≤ 2

n−1
4 |det(L)|1/n

for all 1 ≤ i ≤ n.

Proof. See Theorem 6.66 in 11.

In the following theorem, we show that the running time of LLL algorithm is in
the polynomial time.

Theorem 4.3.3 (Complexity of LLL algorithm). Let L be a lattice in Zn with basis
b1, . . . , bn. Let 1/4 < δ < 1. Then the LLL algorithm with factor δ terminates and
performs O(n2 log(X)) iterations where ‖bi‖2 ≤ X for all 1 ≤ i ≤ n.

Proof. See 8, Theorem 17.5.1.

4.3.2 Coppersmith’s Method

Coppersmith’s method was proposed by 4 and is basically used in order to find
the integer roots of a univariate or bivariate polynomials modulo a given integer.
Particularly, given a large integer N δ for some δ such that 0 < δ < 1, let

F (x) = xn + an−1x
n−1 + . . .+ a1x+ a0.

If there exists x0 < N δ/n such that F (x0) ≡ 0 (mod N δ), then 4 showed that x0 can
be found in polynomial time via LLL algorithm. The algorithm outputs a different
polynomial f that is related to F that satisfy the conditions imposed for x0 with
smaller coefficients. The conditions are formulated by 12 who revisit Coppersmith’s
method. The conditions are as follow.

Theorem 4.3.4 (Howgrave-Graham). Let F ∈ Z[x] be a monic polynomial of degree
n over the integers. Let bF be the row vector that is related to F (x) where ‖bF ‖ =√∑n

i=0 |ai|Xi. If

(a) F (x0) ≡ 0 (mod N δ) where |x0| < X

(b) ‖bF ‖ < Nδ
√
n+1

Then F (x0) = 0.

Proof. For xi, yi ∈ R, Cauchy-Schwarz inequality gives (
∑n

i xiyi)
2 ≤ (

∑n
i xi)(

∑n
i yi).

Taking xi a positive integer and yi = 1 for 1 ≤ i ≤ n yields

n∑
i=1

xi ≤

√√√√n
n∑
i=1

x2
i .

Then, let

|F (x0)| = xn0 + an−1x
n−1
0 + . . .+ a1x0 + a0 =

n∑
i=0

aix
i
0 ≤

n∑
i=0

|ai||xi0|

≤
n∑
i=0

|ai|Xi ≤

√√√√n+ 1

n∑
i=0

|ai|Xi =
√
n+ 1 ‖ bF ‖ < N δ

Thus, −N δ < |F (x0)| < N δ. But F (x0) ≡ 0 (mod N δ), hence F (x0) = 0.
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Next we define lattice L with basis corresponding to n+ 1 polynomials fi(x) =
N δxi for 0 ≤ i < n and F (x). We can see that the polynomials have the solution
x ≡ x0 (mod N) and each element in a row vector of the matrix M corresponding
to L can be written as a polynomial F (x) such that F (x0) ≡ 0 (mod N). The bases
of L will be as follows.

M =


N δ 0 · · · 0 0
0 N δX · · · 0 0
...

. . .
...

...
0 0 · · · N δXn−1 0
a0 a1X · · · an−1X

n−1 Xn

 ,
Now, we need to run the LLL algorithm to find bF such that

‖ bF ‖ <
N√
n+ 1

. (4.5)

From Theorem 17.2.12 in 8, the first vector b1 of the LLL-reduced basis satisfies

b1 ≤ 2
n−1
4 det(L)

1
n .

This implies that if there exists L sith n-dimension such that

2
n−1
4 det(L)

1
n <

N δ

√
n+ 1

then we can find bF that

‖bF ‖ ≤ 2
n−1
4 det(L)

1
n <

N√
n+ 1

.

and satisfies (4.5).

Remark 4.3.5. Since ‖bF ‖ =
√∑n

i=0 |ai|Xi, by having a larger value of X, we can

have a larger value of 2
n−1
4 det(L)

1
n and be closer to the bound of N√

n+1
≈ N δ. Thus,

two methods are considered to achieve the larger values of X.

� Increase the dimension n of L by adding new coefficient vector to L. This
method is known as “x-shift addition” works by adding xF (x), x2F (x), x3F (x),
to the basis while ensuring it changes det(L) at most N δ.

� Increase the power of N δ by using powers of F (x).

Both methods mentioned in Remark 4.3.5 are utilized by attacks throughout this
survey to obtain the basis vectors that works best in the attacks. Now we are ready
to put forward the Coppersmith’s method in an univariate form.

Theorem 4.3.6 (Coppersmith’s method). Let N = pq be an RSA modulus where
p < q < 2p and p ≥ N δ. Suppose F ∈ Z[x] be an univariate, monic polynomial of
degree n. Then we can find all solutions x0 for the equation F (x) ≡ 0 (mod N δ)
with

|x0| ≤
1

2
N

δ2

n
−ε

in polynomial time where ε > 0.

Proof. See 14, Theorem 6.
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4.4 Partially Known MSBs/LSBs of the RSA Primes

In the earliest result involving known bits of RSA primes, 5 showed that only 1/2
MSBs of RSA primes are required to factor N in polynomial time. Later, 3 showed
the condition imposed on MSBs is also applied on LSBs of the primes.

Theorem 4.4.1. Let p and q be the RSA primes that satisfies p < q < 2p with RSA
modulus N = pq. Suppose at least 1/2 of the MSBs or LSBs of p or q are known,
then N can be factored in polynomial time.

Proof. See 10, Theorem 6.1.

This result solely depends on the knowledge regarding the MSBs/LSBs of the
primes. In the more recent results, a weaker condition than conditions in Theorem
4.4.1 can be obtained if the size of d is significantly smaller than N .

Theorem 4.4.2. Let p and q be the RSA primes that satisfies p < q < 2p with RSA
modulus N = pq. Let e be an RSA public exponent and d = N δ be its corresponding
RSA private exponent which computes ed ≡ 1 (mod φ(N)). Given the RSA public
keys tuple (N, e) and γ MSBs of p or q satisfies

1− 2γ < δ ≤ 1−√γ,

where 1/4 < γ ≤ 1/2 then N can be factored in polynomial time.

Proof. See 17, Theorem 4.

Theorem 4.4.2 shows that for d < N0.292, then at least 1/2 of MSBs of p or q are
required. If the size of d is getting smaller, then less MSBs of the primes are needed
to factor N in feasible time. The bound of d when γ = 1/2 in this result conforms to
the result from 2 of small private exponent attacks which states that RSA modulus
is vulnerable to lattice attack when d < N0.292. The following theorem shows the
result when d is moderately small but still larger than the size in Theorem 4.4.2.

Theorem 4.4.3. Let p and q be the RSA primes that satisfies p < q < 2p with RSA
modulus N = pq. Let e be an RSA public exponent and d = N δ be its corresponding
RSA private exponent which computes ed ≡ 1 (mod φ(N)). Given the RSA public
keys tuple (N, e) and γ MSBs of p or q satisfies

δ ≤
√

16γ2 − 4γ + 4− (6γ − 2)

5
,

where 1/4 < γ ≤ 1/2 then N can be factored in polynomial time.

Proof. See 17, Theorem 5.

Result from Theorem 4.4.3 gives an interesting outlook by pointing out that if
d is slightly smaller than N1/2 then an adversary only requires 1/4 MSBs of p or q.
This shows significant reduces in the amount of MSBs that needs to be known in
the case where the size of the private exponent is moderately small. It also shows
the importance of keeping the size of d to be at least greater than N1/2.
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4.5 Partially Known MSBs of the RSA Exponents

In this section, we review attacks on the RSA cryptosystem when given partially
known of MSBs of RSA exponents, (a) the size of the RSA private exponent, d is
small; or (b) the size of the RSA public exponent, e is small.

4.5.1 Small Private Exponent

Let the adversary knows d̃ such that |d− d̃| < Nβ, this implies β of MSBs of d are
known. In the first attack on RSA with small private exponent, 6 modifies RSA key
equation (Equation 4.1) to

FA(u, v, w) = eu−Nv + vw + ed̃− 1 (4.6)

since d−d̃, k, p+q−1 is a root of FA over integers. By defining such parameters suited
to the enabling conditions stated in Theorem 2.13 of 10, it enables Coppersmith’s
method to find two polynomial F1 and F2 with the same root (u0, v0, w0). Using a
heuristic assumption based on their experiments, they obtain w0 = p+ q − 1. This
solves factorization of N . Their results are as follow.

Theorem 4.5.1 (Small d, large e). Let p and q be the RSA primes that satisfies
p < q < 2p with RSA modulus N = pq. Let e ≈ N be an RSA public exponent
and d = N δ be its corresponding RSA private exponent which computes ed ≡ 1
(mod φ(N)). Suppose 0 < β < δ < 1. Suppose the (δ − β) logN MSBs of d are
known, then N can be factored in polynomial time if

(a) β ≤ 3
16 − ε and δ ≤ 11

16 , or

(b) β ≤ 1+δ−
√

4δ2+2δ−2
3 − ε and δ ≥ 11

16 , or

(c) β ≤ 5
6 −

1
3

√
1 + 6δ − ε

for every ε > 0.

Proof. See 6, Theorem 1.

18 utilizes the same strategy as 6 but using shift-polynomials as 16. However,
they change the selections of the shift-polynomials that yield basis matrices that are
not triangular, hence deter the Coppermisth’s method to work efficiently. To over-
come this, Takayasu and Kunihiro utilize linearization method which also eliminates
the unhelpful polynomials and create helpful polynomials in regards to F (x). Their
results are as follow.

Theorem 4.5.2. Let p and q be the RSA primes that satisfies p < q < 2p with RSA
modulus N = pq. Let e ≈ N be an RSA public exponent and d = N δ be an RSA
private exponent which computes ed ≡ 1 (mod φ(N)). Suppose the most significant
(δ − β) logN bits of d are known then N can be factored in polynomial time if

(a) β ≤ 1+δ−
√
−1+6δ−3δ2

2 − ε and δ ≤ 1
2 , or

(b) β ≤ κ
2 −

κ2

3 + 1
12κ ·

(κ−2(δ−β))3

1+δ−2δ − ε, and κ = 1− 2δ−1
1−2
√

1+β−2δ
and 1

2δ ≤
9
16

for every ε < 1.

Proof. See 18, Theorem 1.
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4.5.2 Small Public Exponent

From the result by Coppersmith 5, Boneh et al. 3 showed that when e is less than
N1/4, given 3/4 MSBs of d, then a good approximation of S = p+q using the values
of RSA public keys, (N, e), k in RSA key equation and d̃ is obtained. Using the value
of S, the approximation of the larger RSA prime can be computed in polynomial
time. Based on Theorem 4.4.1, this results in the factorization of N in polynomial
time. The attack is as follows.

Theorem 4.5.3. Let p and q be the RSA primes that satisfies p < q < 2p with RSA
modulus N = pq. Let e = Nα be an RSA public exponent for any 0 < α ≤ 1/4 and
d be its corresponding RSA private exponent which computes ed ≡ 1 (mod φ(N)).
Let |p − q| > 1

ζN
1/4 for some ζ > 1. Let e = µk for some µ > 1 and k in the

RSA key equation. Suppose the 3/4 MSBs of d are known, then N can be factored
in polynomial time with respect to logN, ζ and µ.

Proof. See Theorem 6.8 in 10.

For a larger e, that is from N1/4 to N1/2, 3 showed that a good approximation
of S can be obtained given that e is a prime number. The strategy is similar to the
result from Theorem 4.5.3, but the impact is more profound since only 1/4 MSBs of
d is necessary to be known for the attack to be successful. The attack is as follows.

Theorem 4.5.4. Let p and q be the RSA primes that satisfies p < q < 2p with RSA
modulus N = pq. Let e = Nα be an RSA public exponent for any 1/4 < α ≤ 1/2 and
d be its corresponding RSA private exponent which computes ed ≡ 1 (mod φ(N)).
Given the α MSBs of the private exponent the modulus can be factored in time
polynomial in log(N).

Proof. See Theorem 6.9 in 10.

Following their results in Theorem 4.5.1, 6 obtained a partial information re-
garding k of RSA key equation defined as k̃. Again, they modified the RSA key
equation to

FA(u, v, w) = eu−Nv + vw + k̃w + ed̃− 1.

They also integrated x-shift method into their attack. The results are as follow.

Theorem 4.5.5. Let N = pq be an n-bit RSA modulus where p < q < 2p. Let
e = Nα be an RSA public exponent and d ≈ N be an RSA private exponent which
computes ed ≡ 1 (mod φ(N)). Let 0 < β < 1

2 < α < 1. Suppose the (1− β)n MSBs
of d are known then Ncan be factored in polynomial time if

β ≤
1 + α−

√
2(2α2 + α− 1)

3
− ε.

for every ε > 0.

Proof. See 6, Theorem 2.
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4.6 Partially Known LSBs of the RSA Exponents

In this section, we review attacks on RSA cryptosystem when β LSBs of d are known.
Particularly, we assume the adversary is given d̂ and some t such that d = d0t+ d̂.
This also implies d̂ = d (mod t). In the first result of such assumption, 3 showed
that by assigning t = 2

n
4 for an n-bit RSA modulus, it is sufficient β ≥ 1/4 LSBs of

d is known to factor N in polynomial time. The attack required to perform at most
j operations of Coppersmith’s method where k = Rj and R is an odd number. The
result is as follows.

Theorem 4.6.1. Let N = pq be an n-bit RSA modulus where p < q < 2p. Let
1 < e, d < φ(N) where e be an RSA public exponent and d be its corresponding RSA
private exponent which computes ed ≡ 1 (mod φ(N)). Suppose the 1/4 LSBs of d
is known then N can be factored in polynomial time with respect to n and e.

Proof. See 3, Theorem 1.

In LSB case, 6 inserted d̃ into a modified RSA key equation

F (u, v, w) = etu−Nv + vw + ed̂− 1

which has the same monomials as (4.6). Thus, same strategy is applied onto
F (u, v, w) and produces the following result.

Theorem 4.6.2 (Small d). Let N = pq be an n-bit RSA modulus where p < q < 2p.
Let e = Nα be an RSA public exponent and d ≈ N δ be an RSA private exponent
which computes ed ≡ 1 (mod φ(N)). Let α = logN and 0 < β < 1

2 < α < 1.
Suppose (δ − β)n LSBs of d are known, then N can be factored in polynomial time
if

β <
5− 2

√
1 + 6δ

6
− ε

for every ε > 0.

Proof. See 6, Theorem 3.

In 2014, 18 utilized the basis matrix formed by 1 which is not triangular. Sim-
ilar to the MSBs cases in the previous section, Takayasu and Kunihiro employed a
strategy known as unravelled linearization by transformed Aono’s basis matrix to a
triangular form using linearization w = 1 + uv. The result is as follows.

Theorem 4.6.3. Let N = pq be an n-bit RSA modulus where p < q < 2p. Let
e = Nα be an RSA public exponent and d ≈ N δ be an RSA private exponent which
computes ed ≡ 1 (mod φ(N)). Suppose (δ − β)n of LSBs d is known, then N can
be factored in polynomial time if

β ≤ 1 + δ −
√
−1 + 6δ − 3δ2

2
− ε, and δ ≤ 9−

√
21

12

for every ε > 0.

Proof. See 18, Theorem 2.
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4.7 Conclusion

We survey a collection of partial key exposure attacks on the RSA cryptosystem. The
attacks can be categorized into three namely, partially known MSBs and LSBs of the
RSA primes, partially known MSBs of the RSA exponents and partially known LSBs
of the RSA exponents. All of the attacks mainly utilized Coppersmith’s method to
find the small solutions to the polynomial equations of modulo N or divisor of N
via LLL algorithm. The values of the small solutions then are used to factor RSA
modulus in the polynomial time.
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Abstract

This chapter deals with the application of the Keller-box Method to numerically
solve a problem of magnetohydrodynamics rotating boundary layer flow over a per-
meable shrinking sheet. We used the similarity transformations to reduce the system
of partial differential equations (PDE) into a system of ordinary differential equations
(ODE). The transformed equations are then solved using the Keller-box Method.
All formulation and derivation processes are shown and elaborated in detail. The
effects of the governing parameters involved, namely magnetic parameter, suction
parameter and rotating parameter on both the velocity and lateral velocity fields
are presented and discussed.

Keywords: MHD; Keller-box; Boundary layer flow; Rotating flow; Shrinking sheet.

5.1 Introduction

Since the work of Sakiadis [1], numerous aspects and conditions of boundary layer
flow due to a stretching or shrinking sheet have been considered and studied. [1] was
extended by Crane [2] for the two-dimensional problem. Later, the uniqueness of the
exact analytical solution presented in [1] is discussed by McLeod and Rajagopal [3].
Gupta and Gupta [4] and Magyari and Keller [5] researched the heat and mass
transfer over a stretching sheet where the flow is subjected to suction or blowing.

Meanwhile, problems involving magnetohydrodynamics related to the boundary
layer flow become more and more significant in the industry. Pavlov [6] obtained an
exact similarity solution for the problem of an electrically conducting fluid an elastic
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stretching sheet in the existence of a uniform magnetic field. Anderson [7] found
that the boundary layer thickness is reduced and the skin friction is increased with
the introduction of the elasticity and magnetic field for the problem of MHD flow
of a viscoelastic fluid past a stretching surface. On the other hand, the unsteady
boundary layer flow due to a stretching surface in a rotating fluid is considered by
Nazar et al. [8] while Ishak et al. [9] investigated the MHD boundary layer flow
and heat transfer alongside to stretching vertical sheet with power law velocity.
Wang [10] examined the rotating viscous fluid and heat transfer on a stretching
sheet, while Abbas et al. [11] studied the unsteady magnetohydrodynamic flow and
heat transfer on a stretching sheet in a rotating fluid.

All the above cited literatures deal with the viscous flow against the stretching
surface. As for the flow against the shrinking surface, it is found that Wang [12]
was the earliest to consider the unsteady viscous flow induced by a shrinking liquid
film. Several years later, Miklavcic and Wang [13] verified the existence and non-
uniqueness solution for steady viscous hydrodynamic flow due to a shrinking sheet
for a specific value of suction. The MHD rotating flow of a viscous fluid over a
shrinking sheet is studied by Sajid et al. [14], while Hayat et al. [15] considered the
analytic solution for MHD rotating flow of a second grade fluid past a porous shrink-
ing surface. Then, Faraz and Khan [16] studied the two-dimensional MHD steady
rotating flow of a second grade fluid due to a porous shrinking surface. Recently, the
effect of magnetohydrodynamic on three dimensional rotating flow and heat transfer
of ferrofluid over an exponentially permeable stretching/shrinking sheet with suc-
tion effect is numerically studied by Jusoh et al. [17]. Furthermore, Nasir et al. [18]
investigated the three dimensional rotational nanofluid flow that contains carbon
nanotube with thermal radiation past a stretching sheet.

Our study in this chapter considers the idea in [14] by solving it numerically using
the different method, namely the Keller-box method. This method was proposed
by Keller and Cebeci [19] and used in many literatures such as in [20–24] to solve
various boundary layer problems.

5.2 Problem Formulation

To formulate this problem mathematically, we consider the steady and laminar mag-
netohydrodynamic boundary layer flow of a viscous fluid caused by a two dimensional
shrinking surface in a rotating fluid. Let (u, v, w) represent the velocity components
along the (x, y, z) directions, respectively, with the angular velocity of the rotating
fluid in the z-direction is represent by Ω.

In addition, we apply a constant magnetic field B0 in the z-direction and assume
the zero electric field and small magnetic Reynolds number. With that, and following
[14], the boundary layer equations which govern this flow can be written as

∂u

∂x
+
∂w

∂z
= 0, (5.1)

u
∂u

∂x
+ w

∂u

∂z
− 2Ωv − ν ∂

2u

∂z2
+
σB2

0

ρ
u = 0, (5.2)

u
∂v

∂x
+ w

∂v

∂z
− 2Ωu− ν ∂

2v

∂z2
+
σB2

0

ρ
v = 0, (5.3)

where ν = µ
ρ denotes the kinematic viscosity, σ is the electrical conductivity, and ρ

is the density.
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The boundary conditions for Eqs. (17.1)-(17.3) are

u = −kx, v = 0, w = −W at z = 0,

u→ 0, v → 0 as z →∞.
(5.4)

Here, k(> 0) and W (> 0) denote the shrinking constant and the suction velocity,
respectively. Following [14], we propose the following similarity transformations

u = −kxf ′(η), v = kxg(η), w = −
√
kνf(η), η =

√
k

ν
z. (5.5)

Eq. (17.1) is satisfied, while Eqs. (17.2) and (17.3) are reduced to the following:

f ′′′ = f ′2 − ff ′′ − 2λg +M2f ′, (5.6)

g′′ = f ′g − fg′ + 2λf ′ +M2g, (5.7)

where primes denote the differentiation with respect to η, while f = f(η) and
g = g(η) denote the velocity and lateral velocity, respectively.

The boundary conditions (5.4) become

f(0) = s, f ′(0) = −1, g(0) = 0,

f ′(η)→ 0, g(η)→ 0 as η →∞,
(5.8)

where s = W
m
√
kν

represents the suction parameter, M2 = σB2
0/ρa is the magnetic

parameter and λ = Ω
a represents the relation between the rate of shrinkage and the

rotation rate.
The local skin friction coefficients in the x− and y−directions are given by

Cfx =
τwx
ρu2

, Cfy =
τwy
ρu2

, (5.9)

where the shear stresses τwx and τwy are defined as

τwx = µ

(
∂u

∂z

)
z=0

, τwy = µ

(
∂v

∂z

)
z=0

, (5.10)

where ν is the dynamic viscosity.

Using (5.5) and (5.10), Eq. (5.9) becomes

CfxRe
1/2
x = f ′′(0), CfyRe

1/2
y = g′(0). (5.11)

5.3 Numerical Procedure

Eqs. (5.6) and (5.7) that subject to the boundary conditions (5.8) are solved nu-
merically using the finite-difference scheme known as the Keller-box method [25,26].
This method consists of the following steps:

1. reduce the Eqs. (5.6) and (5.7) to a first order system,

2. write the differential equations using central differences,

3. use Newton’s method to linearize the resulting algebraic equations,

4. write the linearized equations in matrix-vector form,

5. solve the linear system by using the block-tridiagonal-elimination technique,

which will be discussed in detail in the following sections.
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5.3.1 Finite Difference Scheme

Cebeci and Bradshaw [25, 26] and Na [27] stated that each equation to be resolved
should be written in the form of first order equations. In this section, steps 1 and 2
are combined.

Therefore, the following new dependent variables u(η), v(η) and w(η) are intro-
duced as follows

f ′ = u, u′ = v, g′ = w, (5.12)

so that Eqs. (5.6) and (5.7) can be written as

v′ − u2 + fv + 2λg −M2u = 0, (5.13)

w′ − ug + fw − 2λu−M2g = 0, (5.14)

where u = u(η), v = v(η) and w = w(η).

With the variables introduced above, the boundary conditions (5.8) become

f(0) = s, u(0) = −1, g(0) = 0,

u(∞) = 0, g(∞) = 0.
(5.15)

In this study, Eqs. (5.13) and (5.14) subject to the boundary conditions (5.15) only
has one independent variable, which is η. Therefore, consider a straight line in Fig.
5.1 and the points on the line are marked as:

η0 = 0, ηj = ηj−1 + hj , j = 1, 2, . . . , J, ηJ = η∞, (5.16)

known

unknown

centering

1j 1/2j j

jh

Figure 5.1: Line for difference approximations

where hj and j are the ∆η−spacing and the sequence of numbers that indicate
the coordinate location, respectively.

For any function, the first derivative is estimated as

∂u

∂η
=
uj − uj−1

hj
, (5.17)

and for any points, the finite difference form is

( )j− 1
2

=
( )j + ( )j−1

2
. (5.18)

Using centered-difference derivatives, we write the finite difference form of Eq. (5.12)
for the midpoint ηj− 1

2
of the segment P1P2 and obtain the following:

fj − fj−1 −
1

2
(uj + uj−1)hj = 0, (5.19)
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uj − uj−1 −
1

2
(vj + vj−1)hj = 0, (5.20)

gj − gj−1 −
1

2
(wj + wj−1)hj = 0. (5.21)

Eqs. (5.13) and (5.14) can be written in the finite difference form for the midpoint
ηj− 1

2
of the segment P1P2. If the LHS of Eqs. (5.13) and (5.14) are stated as L1 and

L2, respectively, we will obtain

(L1)j− 1
2

= 0, (5.22)

(L2)j− 1
2

= 0. (5.23)

Using L1 and L2 from above, we obtain

(L1)j− 1
2

= [v′ − u2 + fv + 2λg −M2u]j− 1
2
,

=
vj − vj−1

hj
−
(
uj− 1

2

)2
+ fj− 1

2
vj− 1

2
+ 2λgj−1/2 −M2uj− 1

2
, (5.24)

(L2)j− 1
2

=
[
w′ − ug + fw − 2λu−M2g

]
j− 1

2
,

=
wj − wj−1

hj
− uj− 1

2
gj− 1

2
+ fj− 1

2
wj− 1

2
− 2λuj− 1

2
−M2gj− 1

2
. (5.25)

By substituting Eqs. (5.22) and (5.23) into Eqs. (5.24) and (5.25), we obtain

vj − vj−1−
1

4
hj(uj + uj−1)2 +

1

4
hj (fj + fj−1) (vj + vj−1) +

hjλ (gj + gj−1)− 1

2
M2hj (uj + uj−1) = 0, (5.26)

wj − wj−1−
1

4
hj (uj + uj−1) (gj + gj−1) +

1

4
hj (fj + fj−1) (wj + wj−1)−

hjλ (uj + uj−1)− 1

2
M2hj (gj + gj−1) = 0. (5.27)

5.3.2 Newton’s Method

In this section, the nonlinear equations obtained from the finite difference method
will be linearized. To linearize the nonlinear system of equations (5.19)-(5.20), (5.26)
and (5.27), we introduce the following iterates:

f (i+1)
j

= f (i)
j

+ δf (i)
j
, u(i+1)

j
= u(i)

j
+ δu(i)

j
, v(i+1)

j
= v(i)

j
+ δv(i)

j
,

g(i+1)
j

= g(i)
j

+ δg(i)
j
, w(i+1)

j
= w(i)

j
+ δw(i)

j
.

(5.28)

Substituting (5.28) into Eqs. (5.19)-(5.20), (5.26) and (5.27) and then drop the

quadratic and higher order terms in δf
(i)
j , δu

(i)
j , δv

(i)
j , δg

(i)
j and δw

(i)
j , following by

dropping the superscript (i) (for simplicity), we obtain the linear tridiagonal system
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as the following:

δfj − δfj−1 −
1

2
hj (δuj + δuj−1) = (r1)j− 1

2
,

δuj − δuj−1 −
1

2
hj (δvj + δvj−1) = (r2)j− 1

2
,

δgj − δgj−1 −
1

2
hj (δwj + δwj−1) = (r3)j− 1

2
,

(a1)jδvj + (a2)jδvj−1 + (a3)jδfj + (a4)jδfj−1 + (a5)jδuj+

(a6)jδuj−1 + (a7)jδgj + (a8)jδgj−1 = (r4)j− 1
2
,

(b1)jδwj + (b2)jδwj−1 + (b3)jδfj + (b4)jδfj−1 + (b5)jδuj+

(b6)jδuj−1 + (b7)jδgj + (b8)jδgj−1 = (r5)j− 1
2
,

(5.29)

where

(a1)j = 1 +
1

2
hjfj− 1

2
, (a2)j = (a1)j − 2, (a3)j =

1

2
hjvj− 1

2
,

(a4)j = (a3)j , (a5)j = −1

2
M2hj − hjuj− 1

2
, (a6)j = (a5)j , (5.30)

(a7)j = hjλ, (a8)j = (a7)j .

(b1)j = 1 +
1

2
hjfj− 1

2
, (b2)j = (b1)j − 2, (b3)j =

1

2
hjwj− 1

2
,

(b4)j = (b3)j , (b5)j = −hjλ−
1

2
hjgj− 1

2
, (b6)j = (b5)j , (5.31)

(b7)j = −1

2
M2hj −

1

2
hjuj− 1

2
, (b8)j = (b7)j .

and

(r1)j− 1
2

= fj−1 − fj + hjuj− 1
2
,

(r2)j− 1
2

= uj−1 − uj + hjvj− 1
2
,

(r3)j− 1
2

= gj−1 − gj + hjwj− 1
2
,

(r4)j− 1
2

= vj−1 − vj + hju
2
j− 1

2

− hjfj− 1
2
vj− 1

2
− hjλ (gj + gj−1) +M2hjuj− 1

2

,

(r5)j− 1
2

= wj−1 − wj + hjuj− 1
2
gj− 1

2
− hjfj− 1

2
wj− 1

2
+

hjλ (uj + uj−1) +M2hjgj− 1
2

. (5.32)

The boundary conditions (5.15) can be satisfied without iteration to complete the
system (5.29). Thus, to maintain these correct values in all iterations, we write

δf0 = 0, δu0 = 0, δg0 = 0, δuJ = 0, δgJ = 0. (5.33)

5.3.3 Block Elimination Scheme

The system of linear equations (5.29) has a block tridiagonal structure consists of
variables or constants, but here in Keller-box method, it consists of block of matrices.
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The elements of the matrices are defined as follows:



[A1] [C1]
[B2] [A2] [C2]

. . .

. . .

. . .

[BJ−1] [AJ−1] [CJ−1]
[BJ ] [AJ ]




[δ1]
[δ2]

...
[δJ−1]
[δJ ]

 =


[r1]
[r2]

...
[rJ−1]
[rJ ]



that is

Aδ = r, (5.34)

where

[A1] =



0 0 1 0 0

−1

2
hj 0 0 −1

2
hj 0

0 −1

2
hj 0 0 −1

2
hj

(a2)1 0 (a3)1 (a1)1 0
0 (b2)1 (b3)1 0 (b1)1


, (5.35)

[Aj ] =



−1
2hj 0 1 0 0

−1 0 0 −1

2
hj 0

0 −1 0 0 −1

2
hj

(a6)j (a8)j (a3)j (a1)j 0

(b6)j (b8)j (b3)j 0 (b1)j


, 2 ≤ j ≤ J, (5.36)

[Bj ] =



0 0 −1 0 0

0 0 0 −1

2
hj 0

0 0 0 0 −1

2
hj

0 0 (a4)j (a2)j 0

0 0 (b4)j 0 (b2)j


, 2 ≤ j ≤ J, (5.37)

[Cj ] =


−1

2
hj 0 0 0 0

1 0 0 0 0
0 1 0 0 0

(a5)j (a7)j 0 0 0

(b5)j (b7)j 0 0 0

 , 1 ≤ j ≤ J − 1, (5.38)

[δ1] =


δv0

δw0

δf1

δv1

δt1

 , [δj ] =


δuj−1

δgj−1

δfj
δvj
δwj

 , 2 ≤ j ≤ J, (5.39)
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and

[rj ] =


(r1)j− 1

2

(r2)j− 1
2

(r3)j− 1
2

(r4)j− 1
2

(r5)j− 1
2

 , 1 ≤ j ≤ J. (5.40)

To solve Eq. (5.34), A is assummed as nonsingular matrix which can be factored
into

A = LU, (5.41)

where

L =


[α1]
[β2] [α2]

. . .

. . . [αJ−1]
[βJ ] [αJ ]

 and U =


[I] [Γ1]

[I]
. . .
. . .

[I] [ΓJ−1]
[I]

 ,

where [I] is the identity matrix of order 5, while [αi] and [Γi] are 5×5 matrices. We
define the following equations to determine the elements:

[α1] = [A1] , (5.42)

[A1] [Γ1] = [C1] , (5.43)

[αj ] = [Aj ]− [Bj ] [Γj−1] , j = 2, 3, . . . , J, (5.44)

[αj ] [Γj ] = [Cj ] , j = 2, 3, . . . , J − 1. (5.45)

By substituting Eq. (5.41) into Eq. (5.34), we get

LUδ = r, (5.46)

If we define
Uδ = ω, (5.47)

then Eq. (5.46) becomes
Lω = r, (5.48)

where

ω =


[ω1]
[ω2]

...
[ωJ−1]
[ωJ ]

 , (5.49)

and [ωj ] are 5× 1 matrices. The elements of ω can be solved from Eq. (5.48)

[α1] [ω1] = [r1] , (5.50)

[αj ] [ωj ] = [rj ]− [Bj ] [ωj−1] , 2 ≤ j ≤ J. (5.51)

Once the elements of ω are found, the solution δ is obtained from Eq. (5.47), where
the elements are achieved by the following relations:

[δJ ] = [ωJ ] , (5.52)
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[δj ] = [ωj ]− [Γj ] [δj+1] , 1 ≤ j ≤ J − 1. (5.53)

These iterations are repeated until we found some convergence criterion and stop
when ∣∣∣δv(i)

0

∣∣∣ < ε1

where ε is a small prescribed value.

5.4 Results and Discussion

Eqs. (5.6) and (5.7) subject to the boundary conditions (5.8) are solved numeri-
cally using an implicit finite difference scheme known as the Keller-box method, as
explained thoroughly in Section 5.3. To authenticate the accuracy of the present
method, we compare the present numerical results for f ′′(0) and g′(0) with the re-
sults obtained in [10] and [11]. The comparisons are found to be in good agreement
(see Table 5.1), and thus we are confident with the accuracy of the present method.

Table 5.1: Comparison with those of [10] and [11].

[10] [11] Present results
λ f ′′(0) g′(0) f ′′(0) g′(0) f ′′(0) g′(0)

0 -1.0000 0.0000 -1.0000 0.0000 -1.0005 0.0000
0.5 -1.1384 -0.5128 -1.1384 -0.5128 -1.1385 -0.5127
1 -1.3250 -0.8371 -1.3250 -0.8371 -1.3250 -0.8371
2 -1.6523 -1.2873 -1.6523 -1.2873 -1.6524 -1.2873
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Figure 5.2: Effects of λ on f ′(η) when s = 3,M = 2
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Figure 5.3: Effects of λ on g(η) when s = 3,M = 2, P r = 0.7

Figs. 5.2 and 5.3 display the effects of rotating parameter λ on the velocity and
lateral velocity profiles f ′(η) and g(η), respectively. Both profiles show decrement
in boundary layer thickness with the increase of the λ. We also found that for small
values of λ, the velocity increases exponentially, however for large values of λ, the
oscillatory behaviour occurs.

0 1 2 3 4 5
−1

−0.8

−0.6

−0.4

−0.2

−0

η

f 
’(

η)

M = 0, 0.5, 1, 2, 3, 4

Figure 5.4: Effects of M on f ′(η) when s = 3, λ = 2
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Figure 5.5: Effects of M on g(η) when s = 3, λ = 2

Furthermore, the effects of the magnetic parameter M on f ′(η) and g(η) are
given in Figs. 5.4 and 5.5, respectively. Both figures show that the boundary layer
thickness is smaller as M increases. This phenomenon is closely related to the
relationship between the magnetic field and the resulting drag force called Lorentz
force. The increase in magnetic field increases the Lorentz force and hence slows the
fluid flow along the shrinking surface.
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Figure 5.6: Effects of s on f ′(η) when M = 2, λ = 2
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Figure 5.7: Effects of s on g(η) when M = 2, λ = 2

In additional, graphs of f ′(η) and g(η) for some values of suction parameter s
are given in Figs. 5.6 and 5.7. Both figures display the reduction in boundary layer
thickness with the increase of s. This reduction is caused by the suction itself, which
plays a role in reducing the drag force, which in turns reducing the boundary layer
thickness so that the boundary layer separation can be avoided.

5.5 Conclusion

In this study, the problem of magnetohydrodynamic rotating viscous flow over a
permeable shrinking sheet is considered and solved numerically by using a Keller-
box method. The effects of the governing parameters; namely suction parameter s,
magnetic parameter M and rotating parameter λ have been presented graphically
and discussed in detail. It is discovered that the boundary layer thickness for both
velocity and lateral velocity profiles are decreasing with the increase of all governing
parameters.
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Abstract

This study describes magnetohydrodynamics (MHD) Newtonian fluid flow caused
by an exponentially streching sheet, and subjected to the parameters such as as-
sisting flow and buoyancy ratio. The governing basic equations (flow, momentum,
energy and concentration equations) are converted to nonlinear ordinary differen-
tial equations (ODEs) by using non-similarity method. Subsequently, the ODE are
solved numerically by bvp4c program in Matlab software. Finally, the numerical
results for the skin friction coefficient, the local Nusselt number and the local Sher-
wood number are obtained. Moreover, the variations of the velocity, temperature
and concentration profiles are presented. The characteristis of the flow, heat and
mass transfer are discussed in details.

Keywords: magnetohydrodynamics, stretching sheet, assisting flow, buoyancy ra-
tio, Newtonian fluid.

6.1 Introduction

Mixed convection, which is defined as the combination of forced and natural convec-
tion exists when both of these convection mechanisms act together to transfer heat.
Forced convection occurs when the fluids are forced to move, in order to enhance the
heat transfer. This forcing can be done by using ceiling fan, a pump, suction device,
or other. However, natural convection is a type of flow in which the fluid motion is
generated by gravity (some regions of the fluid are heavier than the other regions).
Therefore, there are two components in mixed convection: assisting and opposing
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flows. Two-dimensional mixed convection with aiding flow occurs when the buoyant
motion and the forced motion are in the same direction, which causes the natural
convection to induce forced convection. Besides, two-dimensional mixed convection
with opposing flow exists when natural convection acts in the opposite direction
of the forced convection. The example of the opposing flow can be described by
considering a fan forcing air upward over a cold plate. In this situation, the natural
motion of the cold air is supposed to be fall due to the buoyant force. However,
air is directed upward and opposes the natural motion of cold air [1]. As a result,
the industrial applications of mixed convection can be observed in crystal growth,
nuclear reactors and chemical processing [2].

The industrial applications of the fluid flow due to a stretching sheet are the
production of glass fibre, paper and polymer sheet [3]. In addition, the multiple
numerical solutions keeps happen in the mathematical model of convection with the
presence of stretching sheet. As a results, a lot of findings are reported due to this
type of flow, which induces convection. The dual numerical solutions for the stretch-
ing sheet model, with the presence of thermal radiation and slip effects are discussed
Sulochana and Sandeep [4]. Naganthran and Nazar [5] described the dual numerical
solutions in the magnetohydrodynamics (MHD) stagnation-point flow in a porous
medium. Triple solutions have been arised in the problem of magnetohydrodynamic
mixed convection which is subjected by convective boundary condition [6]. The re-
port on dual solutions for the Prandtl fluid containing nanoparticles is presented by
Mahanthesh and Gireesha [8]. Recently, dual solutions in stretching sheet model on
a Casson fluid reported by Hamid et al. [9].

As a result, this paper describes dual numerical solutions of magnetohydrody-
namics (MHD) Newtonian fluid flow induced by an exponentially stretching sheet,
and controlled by the various values of assisting flow and buoyancy ratio parame-
ters. The findings is obtained by using bvp4c Matlab program. This paper contains
four large sections: 1) Introduction, 2) Mathematical Formulation, 3) Results and
Discussion, and 4) Conclusion.

6.2 Mathematical Formulation

Consider the two-dimensional incompressible, viscous and electrically conducting
magnetohydrodynamics Newtonian fluid over a permeable shrinking surface. Shrink-
ing sheet is located along the x-axis, whereas transverse magnetic field is located
at y-axis. For both parameters T and C refering to conditions at the outer edge of
the boundary layer and at the wall is describe by the subscripts of ∞ and w. The
mathematical formulation which represent the modeled problem written as:

∂u

∂x
+
∂v

∂y
= 0, (6.1)

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
+ gβT (T − T∞) + gβC(C − C∞) +

σB2
0

ρ
u, (6.2)

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂y2
+
DKT

CsCp

∂2C

∂y2
, (6.3)

u
∂C

∂x
+ v

∂C

∂y
= D

∂2C

∂y2
+
DKT

Tm

∂2T

∂y2
. (6.4)
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The appropriate boundary conditions are

u = uw(0) = λU0exp(x/L), v = vw(0),

Tw(0) = T∞ + T0exp(x/2L), Cw(0) = C∞ + C0exp(x/2L)

u→ 0, T → T∞, C → C∞ as y →∞. (6.5)

The term exp(x/2L) in temperature Tw and concentration distribution Cw are used
in this [10, 11] for the case of two-dimensional flow exponential variation with the
presence of Soret- Dufour effects and when concentration equation included in gov-
erning equations.

In this study, the stream function is written as:

ψ(x, y) = (2νLU0)1/2exp(x/2L)f(η), u =
∂ψ

∂y
, v = −∂ψ

∂x
. (6.6)

Introducing new similarity variables:

θ(η) =
T − T∞
Tw − T∞

, φ(η) =
C − C∞
Cw − C∞

, η = y

(
U0

2νL

)1/2

exp(x/2L),

u = U0exp(x/L)f ′(η), v = −
(
νU0

2L

)1/2

exp(x/2L)[f(η) + ηf ′(η)] (6.7)

When (10.7) is substituted into (10.1), the continuity equation is satisfied, proved
that our similarity variables is accepted and can be proceed to produce ordinary
differential equations ODE. Then, substituted (10.7) into (10.2)–(10.5), the following
form are occured:

f ′′′ + ff ′′ − 2(f ′)2 + 2Ri
[
exp

(−3X
2

)]
(θ +Nφ)− 2H[exp(−X)]f ′ = 0. (6.8)

1

Pr
θ′′ + fθ′ − f ′θ +Dbφ′′ = 0. (6.9)

1

Sc
φ′′ + fφ′ − f ′φ+ Srθ′′ = 0. (6.10)

f ′(η) = λ, f(η) = S, θ(η) = 1, φ(η) = 1 at η = 0,

f ′(η)→ 0, θ(η)→ 0, φ(η)→ 0, at η =∞, (6.11)

where the parameters involved in this problem are stretching parameter, λ with λ >
0,thermal Grashof number Gr, Reynolds number Re, mixed convection parameter
Ri = Gr/Re2, magnetic field parameter H = 2σLB2

0/ρU0, dimensionless coordinate
along the plate parameter X = x/L, buoyancy ratio N = βc(C0 − C∞)/βT (T0 −
T∞), Prandtl number Pr = υ/α, Schmidt number Sc = υ/D, Soret number Sr =
DKT (T0−T∞)/Tmυ(C0−C∞), Dufour number Db = DKT (C0−C∞)/CsCpυ(T0−
T∞) and suction parameter S = (vw(x)/exp(x/2L))

√
2L/υU0. The opposing flow

is when Ri < 0. Otherwise, the positive Ri indicates the case of aiding flow.

The physical parameters of skin friction coefficient Cf , local Nusselt number
Nux and local Sherwood number Shx are presented as follow:
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cf =

(
µ

ρU2
0

)(
∂u

∂y

)
,

Nux =

(
L

Tw − T∞

)(
−∂T
∂y

)
y=0

(6.12)

Shx =

(
L

Cw − C∞

)(
−∂C
∂y

)
y=0

Substituting (10.7) into (10.12), then we get

Cf
√

2Rexexp

(
−3X

2

)
= f ′′(0),

Nux

√
2

Rex
exp

(
−X

2

)
= −θ(0), (6.13)

Shx

√
2

Rex
exp

(
−X

2

)
= −φ′(0).

6.3 Results and Discussion

The system of exponentially ordinary differential equations (10.8), (10.9) and (10.10)
together with the boundary conditions (10.11) are solved numerically using Matlab
programming. The accuracy of our numerical method is reached by comparing
numerical data obtained with previous investigators, showed in Table 10.1. Table
10.1 shows the comparison of skin friction coeffcient f ′′(0), local Nusselt number
−θ(0) and local Sherwood number −φ(0) between our data and with Srinivasacharya
and Ram Reddy [10]. In Table 10.1, the comparison is made for H = 0 and N = 0.5
for various values of Ri, Sr, Db and X. As a conclusion, the present value of the
first solution for f ′′(0), −θ(0) and −φ(0) are in good agreement with those obtained
by Srinivasacharya and RamReddy [10]. Therefore, the good comparison gives as
much confidence in our theoretical study and numerical computation.

Table 6.1: Effects of skin friction, heat and mass transfer coeffcients
for various values of Ri when Sr = 2.0, Db = 0.03,
X = 3.0, Pr = 1.0, Sc = 0.22,N = 0.5 and H = 0 .

Ri
f ′′(0) −θ′(0) −φ′(0)

(a) (b) (a) (b) (a) (b)

-0.5 -1.29399 -1.29384 0.94867 0.94896 -0.04882 -0.04638

-0.1 -1.28408 -1.29619 0.95561 2.65383 -0.03622 -1.12709

0.5 -1.27097 -1.29463 0.96278 0.86285 -0.02553 0.07932

3.0 -1.22243 -1.22249 0.98297 0.98290 -0.00241 -0.00207

Note :
(a)Srinivasacharya and RamReddy [10]
(b)Present

The figures for the function f ′(η) which corresponds to velocity, θ(η) which
corresponds to temperature and φ(η) which corresponds to concentration are drawn
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against η for different values of the parameter S, H, Ri, Sr, N and Db. All figures
are correspond to the two-dimensional stretching cases in which it consists of two
different solutions.

Figure 10.1, Figure 10.2 and Figure 10.3 show the influence of mixed convection
parameter, Ri on velocity, temperature and concentration profiles respectively in
the flow induced by stretching sheet λ = 1. From Figure 10.1, it is observed that
as the value of mixed convection parameter, Ri rises, the values of velocity as well
as the boundary layer thickness increase for the first solution. Besides, for the
second solution, the boundary layer thickness increases for the small value of η. The
temperature distribution decreases with the increasing value of mixed convection
parameter, Ri for both first and second solution as observed in Figure 10.2. The
concentration profile of the fluid has a significant decreases with mixed convection
parameter for first solution, while for the second solution, the concentration profile
increases for the small value of η and decreases for large value of η as illustrated in
Figure 10.3.

Figure 10.4, Figure 10.5 and Figure 10.6 show the influence of buoyancy param-
eter, N on velocity, temperature and concentration profiles respectively in the flow
induced by stretching sheet λ = 1. When the buoyancy value N increases, it is
observed that the values of velocity as well as the boundary layer thickness increase
for the first solution. However, for the second solution, the boundary layer thickness
increases for a small value of η while it decreases as the value of η increases as de-
picted in Figure 10.4. From Figure 10.5, when the value of buoyancy parameter N
increases, the temperature distribution decreases for the small values of η for both
first and second solution. Moreover, when the value of N increases, the concentra-
tion profile of the fluid is decreasing for the first solution, while it is increasing for
the second solution as shown in Figure 10.6.

Figure 6.1: Different values of mixed convection parameter,
Ri on velocity.

It is clear from Fig. 10.1 and 10.4 that velocity distribution is increased for
the increment of mixed convection parameter Ri and buoyancy ratio parameter N .
This is due to the fact that higher rate of mixed convection parameter is caused by
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Figure 6.2: Different values of mixed convection parameter,
Ri on temperature.

Figure 6.3: Different values of mixed convection parameter,
Ri on concentration.

a greater buoyancy effects. Therefore, the fluid flow is accelerated and the instanta-
neous velocity increases. Fig. 10.2, 10.3, 10.5 and 10.6 show that the temperature
and concentration decrease with increasing values of mixed convection parameter Ri
and buoyancy ratio parameter N . When parameter Ri (i.e. buoyancy effects) in-
crease, it contributes to the increment of the convection cooling effect and hence the
temperature reduces. The tabulation of data skin friction coefficient, local Nusselt
number and local Sherwood number are appropriate for the controlling parameters
Ri and N by the small increment. Therefore, the physical effect also can be observed
for the small ranges of Ri and N .

Table 10.2 shows the variation of f ′′(0), −θ′(0) and −φ(0) for different values
of mixed convection parameter Ri when λ = 1. From Table 10.2, as the value of
mixed convection parameter Ri increases, the variation of f ′′(0), −θ′(0) and −φ(0)
increase for the first solution. However, for the second solution, f ′′(0) is increasing
and −θ′(0) is decreasing due to the impact of Ri.
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Figure 6.4: Different values of buoyancy parameter,
N on velocity.

Figure 6.5: Different values of buoyancy parameter,
N on temperature.

Table 6.2: Different values of mixed convection parameter Ri for
λ = 1 and when S = 2.5, N = 0.5, H = 1, Sc = 1,
Pr = 2, Db = 0 : 03, Sr = 2 and X = 0 : 1.

Solutions Ri f ′′(0) −θ′(0) −φ(0)

First
0.4 -3.061843418 2.927831454 -2.670440837
0.8 -2.672006544 2.951646859 -2.644623301
1.3 -2.204957221 2.978680269 -2.616465913

Second
0.4 -4.808811232 2.047790323 6.843471891
0.8 -4.087089124 2.998250705 -0.497992296
1.3 -3.538577652 2.815009227 -0.905391446

The values of f ′′(0), −θ′(0) and −φ(0) is tabulated in Table 6.3 for S = 2.5, Ri = 1,
H = 1, Sc = 1, Pr = 2, Db = 0.03, Sr = 2 and X = 0.1 with different values of
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Figure 6.6: Different values of buoyancy parameter,
N on concentration.

buoyancy parameter, N for λ = 1. The first solution shows the increments in the
values of f ′′(0), −θ′(0) and −φ(0) as the value of buoyancy parameter increases.
However, both f ′′(0) and −θ′(0) are increased and −φ(0)) decreases for second
solution.

Table 6.3: Different values of mixed convection parameter N for
λ = 1 and when S = 2.5, Ri = 1, H = 1, Sc = 1,
Pr = 2, Db = 0 : 03, Sr = 2 and X = 0 : 1.

Solutions N f ′′(0) −θ′(0) −φ′(0)

First
0.30 -2.690029688 2.948756169 -2.649158325
0.65 -2.330926409 2.972797940 -2.621483604
1.00 -1.987391865 2.994705802 -2.597170794

Second
0.30 -4.250492382 2.349396835 3.470653059
0.65 -3.642519010 2.932549060 -1.318807235
1.00 -3.210882376 2.901448305 -1.737593695
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6.4 Conclusion

The problem of MHD Newtonian flow and heat transfer in the boundary layers
on exponentially permeable stretching sheet with the presence of Soret and Du-
four effects are solved numerically. The effectiveness of some parameter which
are Soret number,Sr, Dufour number,Db, magnetic parameter,H, mixed convec-
tion parameter,Ri, buoyancy parameter,N , and suction parameter,S on velocity,
temperature and concentration variation are tested by increasing the value of each
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parameter. As a conclusion, it would appear that the values of f ′′(0), −θ′(0) and
−φ(0) is increasing as the value of mixed convection parameter and buoyancy pa-
rameter increases.

Bibliography

[1] Cengal, Yunus A., Afshin J., Ghajar. (2007), Heat and Mass Transfer (4 ed.),
McGraw-Hill, 548-–549.

[2] Mojumder S., Saha S., Rahman M. R., Rahman M. M., Rabbi K. M., Ibrahim
T. A. (2017), Numerical Study on Mixed Convection Heat Transfer in a Porous
L-Shaped Cavity. Engineering Science and Technology Eng. Sci. Technol. Int J.
Vol 20(1), 272—282.

[3] Isa S. S. P. M., Arifn N. M., and Farooq U. (2019), Effect of Soret and Dufour
Numbers on Double Diffusive Mixed Convection Boundary Layer Flow Induced
by a Shrinking Sheet, Journal of Physics: Conf. Series. Vol 1298(1), 012024.

[4] Sulochana C., and Sandeep N. (2015), Dual Solutions for Radiative MHD Forced
Convection Flow of a Nanofluid over a Slandering Stretching Sheet in Porous
Medium., Journal of Naval Architecture and Marine Engineering. Vol 12(2),
115–124.

[5] Naganthran K., and Nazar R. (2017), Dual Solutions of MHD Stagnation-
Point Flow and Heat Transfer Past a Stretching/Shrinking Sheet in a Porous
Medium., AIP Conference Proceedings, Vol 1830(1).

[6] Isa S. S. P. M., Arifin N. M., Nazar R., Bachok N. and Ali F. M.(2017),The
Effect of Convective Boundary Condition on MHD Mixed Convection Boundary
Layer Flow Over an Exponentially Stretching Vertical Sheet., IOP Conf. Series:
Journal of Physics: Conf. Series. Vol 949(1),012016

[7] Mahanthesh B., and Gireesha B. J. (2018), Dual Solutions for Unsteady
Stagnation-Point Flow of Prandtl Nanofluid past a Stretching/shrinking Plate.,
Defect and Diffusion Forum, Vol 388, 124–134.

[8] Hamid M., Usman M., Khan Z.H., Ahmad R., Wang W. (2019), Dual Solu-
tions and Stability Analysis of Flow and Heat Transfer of Casson Fluid over a
Stretching sheet., Physics Letters A, Vol 383(20), 2400–2408.

[9] Srinivasacharya, D. and RamReddy, Ch. (2011), Soret and Dufour Effects
on Mixed Convection from an Exponentially Stretching Surface., International
Journal of Nonlinear Science, Vol 12(1),60–68.

[10] Sreenivasulu, P. and Redddy, N., B. (2012), Soret and Dufour Effects on Bound-
ary Layer Flow past an Exponential Stretching Sheet with Thermal Radiation
and Viscous Dissipation., Appl. Math., vol (51), 10809-–10816.

58



Chapter 7

The Exponential Variation of Heated

Extending Sheet in Casson Fluid Flow

Kartini Ahmad1,*, Siti Suzilliana Putri Mohamed Isa2,3

1 Department of Science in Engineering, Kulliyyah of Engineering, International
Islamic University Malaysia, Gombak,50728 Kuala Lumpur, Malaysia.

2 Institute for Mathematical Research, Universiti Putra Malaysia, 43400 UPM,
Serdang Selangor, Malaysia.

3 Centre of foundation Studies For Agricultural Science, Universiti Putra Malaysia,
43400 UPM Serdang, Selangor, Malaysia.

*Corresponding author: kartini@iium.edu.my

Abstract

The mathematical model of the following case is developed: The magnetohydrody-
namics (MHD) of Casson fluid flow with heated at the surface due to Newtonian
heating. This study takes into account in a concentrated Casson fluid flow with
existence of thermal radiation. Similarity transformation is used, to convert the
governing equations (continuity, momentum, energy, mass diffusion equations) into
ordinary differential equations (ODE). Later on, these ODE is determined by apply-
ing the finite-difference method. The profiles of velocity, temperature, concentration
and concentration gradient are depicted for certain values of controlling parameters.
The consenquences of the controlling parameters on the system are described in
details.

Keywords: magnetohydrodynamics, Casson fluid, Newtonian heating, extend-
ing/stretching sheet.

7.1 Introduction

The broad applications of non-Newtonian fluid is widely used in the field of cos-
metics, pharmaceuticals, chemicals, oil, gas, food and several others. Therefore, the
models of non-Newtonian fluid have been developed such as Brinkman type, Jeffrey,
Maxwell, Bingham plastic, Oldroyd-B, power law, second grade, viscoplastic and
Walters-B [1]. However, the most popular model of non-Newtonian fluid is known
as Casson model [2], and the pioneer investigator indicated that the yield stress
for blood is nonzero at low shear rates. To be noted, Casson fluid model is exten-
sively used for modeling blood flow in narrow arteries [3, 4]. Besides, the model of
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boundary layer flow, the rate transfer of heat and mass beyond an extending surface
has large contributions in the following: condensation process of metallic plate in
a cooling bath, aerodynamic extrusion of plastic sheets and extrusion of a polymer
sheet from a dye [5]. Moreover, the final products of industrial field are significantly
influenced by the extending/stretching rate, the cooling rate in the process and the
process of extending sheet itself. As a results, many studies have been conducted to
carried out numerical study to the effects of extending sheet in Casson fluid. The
Hall effects on the flow of Casson fluid due to an extending sheet with thermal ra-
diation and mixed convection are studied by Bilal Ashraf et al. [6]. Ullah et al. [7]
investigated the heat and mass transfer free convection flow of Casson fluid over an
extending sheet in the presence of chemical reaction. The impact of melting heat
transfer in a porous medium on magnetohydrodynamic (MHD) Casson fluid flow
over an extending sheet, influenced by thermal radiation is investigated by Mabood
and Das [8]. Abd El-Aziz and Afifi [9] reported the numerical analysis of the MHD
Casson fluid over an extending surface with velocity slip factor on the impacts of
entropy generation and Hall current.

Recently, Newtonian heating gets more interest instead of constant surface tem-
perature because of its effectiveness in many physical situations. Newtonian heating
is usually termed conjugate convective flow is defined as the heat transfer rate from
the bounding surface with a finite heat capacity is proportional to the local surface
temperature [10]. Merkin [11] was the first who studied the characteristics of New-
tonian heating, which is one type of temperature distributions at wall. The influence
of Newtonian heating with existence of thermal radiation and chemical reaction in
unsteady hydromagnetic flow of a Casson fluid past a vertical plate is studied by
Das et al. [12]. Hussanan et al [13] investigated the non-Newtonian Casson fluid on
unsteady heat transfer flow over an oscillating vertical plate with Newtonian heating
on the wall in the presence of thermal radiation. Further, Ullah et al. [14] performed
numerical analysis of MHD flow of non-Newtonian fluid under the effect of slip con-
dition over an extending sheet saturated in porous medium with Newtonian heating.
Recently, Ahmad et al. [15] analyzed Casson fluid flow over extending sheet in the
presence of viscous dissipation and Newtonian heating.

As a conclusion, this paper concentrates on the magnetohydrodynamics (MHD)
of Casson fluid flow over a heated surface due to Newtonian heating and thermal
radiation. Results are presented through graphs of velocity, temperature, concentra-
tion and concentration gradient profiles. This study is organized by the following:
Section 2 is Problem Formulation, Section 3 is Results and Discussion, and final
section which is Section 5 is Conclusion.

7.2 Problem Formulation

Two-dimensional concentrated Casson fluid flow over a heated extended sheet is
investigated. The Casson fluid is electrically conducting and radiating. A non-
uniform magnetic field B(x) = Boe

(Nx/2L) is imposed transverse to the exponentially
extending sheet with velocity uw = Uoe

(Nx/L) and the concentration of the Casson
fluid near the sheet is Cw = C∞ + Coe

(Nx/2L). Bo, Uo and Co, are the reference
magnetic, velocity and concentration respectively, C∞ is the concentration of the
Casson fluid in the ambient flow, N is the exponential parameter and L is the
reference length. The sheet is heated due to Newtonian heating hs = hoe

(Nx/2L)

where ho is constant. Fig. 7.1 illustrates the flow configuration of this problem.
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Figure 7.1: A sketch of physical model and coordinate system

Making use of the Boussinesq together with boundary layer approximations, the
developed governing boundary layer equations are:

∂u

∂x
+
∂v

∂y
= 0, (7.1)

u
∂u

∂x
+ v

∂u

∂y
= ν

(
1 +

1

β

)
∂2u

∂y2
− σB2(x)

ρ
u, (7.2)

u
∂T

∂x
+ v

∂T

∂y
=

1

ρcp

(
k
∂2T

∂y2
− ∂qr
∂y

)
(7.3)

u
∂C

∂x
+ v

∂C

∂y
= D

∂2C

∂y2
, (7.4)

with boundary conditions:

u = uw, v = 0, C = Cw,
∂T

∂y
= −hsT (NH) at y = 0,

u→ 0, C → C∞, T → T∞, at y →∞. (7.5)

Here, u and v are the velocity components with respect to the horizontal (x) and
vertical (y)-axes, respectively. β is the non-Newtonian (Casson) fluid parameter, u is
the kinematic fluid viscosity, σ is the electrical conductivity, ρ is the fluid density, T
is the fluid temperature, D is the solutal diffusivity of the medium, cp is the specific
heat at constant pressure, k is the thermal conductivity, , qr is the radiative heat
flux given by the Rosseland approximation [17,18].

qr = −4σ∗

3k∗
∂T 4

∂y
(7.6)

where σ∗ and k∗ is refering to the Stefan-Boltzman constant and mean absorption,
respectively and

T 4 ∼= 4T 3
∞T − 3T 4

∞ (7.7)
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Making use (10.6) and (10.7) into (10.3), we get

u
∂T

∂x
+ v

∂T

∂y
=

1

ρcp

(
k +

16σ∗T 3
∞

3k∗

)
∂2T

∂y2
(7.8)

Applying the following transformation:

u = Uoe
(Nx/L)f ′(η), v = −N

√
υUo
2L

e(Nx/2L)[f(η) + ηf ′(η)],

η =

√
Uo

2υL
e(Nx/2L)y, θ(η) =

T − T∞
T∞

, c = c∞ + coe
(Nx/2L)φ(η) (7.9)

into (10.1), (10.2), (10.8) and (10.4) , we obtain(
1 +

1

β

)
f ′′′ +Nff ′′ − 2N(f ′)2 −H2f ′ = 0, (7.10)

(
1 +

4

3
R

)
θ′′ +NPrfθ′ = 0, (7.11)

φ′′ +NSc(fφ′ − f ′φ) = 0, (7.12)

while the boundary conditions (10.5) reduced to

f(0) = 0, f ′(0) = 1, θ′(0) = −Bi[1 + θ(0)], φ(0) = 1,

f ′(∞) = 0, θ(∞) = 0, φ(∞) = 0, (7.13)

where prime indicates differentiation with respect to η, H2 = 2σB2
oL

ρUo
is the Hartmann

number, R = 4σ∗T 3
∞L

k∗k is the radiation number, Pr =
µcp
k is the Prandtl number,

Sc = υ
D is the Schmidt number and Bi = ho

√
2υL
Uo

is the conjugate parameter for

the Newtonian heating.

7.3 Results and Discussion

From engineering perspective, the quantities of interest are the values of f ′′(0),
θ′(0) and φ′(0) which can be used to calculate the skin friction coefficient, the local
Nusselt number and the local Sherwood number. Opting the method described by
Cebeci and Bradshaw [16], Eqs. (10.10) – (10.13) are solved numerically for few
values of Casson fluid parameter β, exponential extending parameter N , Hartmann
number H2, radiation parameter R, Schmidt number Sc, Biot number Bi when
Prandtl number Pr is held fixed at 7. It is important to note that β, N and H2 play
significant role in determining the behaviour of the velocity f ′ (refer Eq. 10.10),
which later affect the generated values of f ′′(0). The rest of the parameters only
react on the distribution where they occur, i.e R, Pr and Bi dominate only on
the temperature distribution and Sc controls the concentration distribution due to
decoupled of Eqs. (10.11) and (10.12).

Table 10.1 shows the values of −f ′′(0), θ′(0) and −φ′(0) for certain values of H2

and N when β′ = 1, Pr = 7, R = Sc = Bi = 1.5. The increment of Hartmann
number H2 increases the magnitude of f ′′(0) and contrary phenomenon occur for
θ′(0) and magnitude of φ′(0). The effect of exponentially extending parameter given
by N gives the increment in both magnitude of f ′′(0)) and magnitude of φ′(0).
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Table 7.1: Values of f ′′(0), θ′(0) and φ′(0) for certain values of β, H2

and N when β′ = 1, Pr = 7, R = Sc = Bi = 1.5 .

H2 N −f ′′(0) θ(0) −φ(0)

0.5 1 1.0369 78.6862 1.2867
3 1.6490 33.9284 2.2680
5 2.0886 25.7696 2.9387

5 1 1.8251 45.8619 1.0684
3 2.2328 46.2877 2.1088
5 2.5759 34.2546 2.8083

For the sake of brevity, the velocity, temperature, concentration and profiles of
gradient concentration are only depicted for β = R = Sc = Bi = 1 for certain values
of N when H2 = 0.5 and 100 respectively, as displayed in Figs. 10.1-10.4.

To be noted, the exponential extending effect given by N makes no impact on
the velocity distribution when the magnetic effect denoted by the Hartmann number
H2 is high (= 100). As we can see, the difference between the various values of N for
the profiles of velocity, temperature and concentration (Figs.10.1-10.3) are signifi-
cant for a very large H2 (between 0.5 and 100). Unlike for H2 = 0.5, the extending
effect N reduces the velocity motion within the boundary layer as seen in Fig. 10.1.
Opposite phenomenon occur for the temperature and concentration distributions
given by θ(0) and φ(0) respectively, see Figs. 10.2-10.3. Here, the increment of H2

increases the temperature and concentration within the layer. However, the incre-
ment of N decreases the temperature and concentration which in turned quicken
the formation of the thermal and concentration boundary layer respectively. As the
sheet is heated due to Newtonian heating, it is noted that the initial temperature of
the sheet which is given by θ(0) starts at a certain value depending on the value of
N and asymptotically decreases to zero once the thermal boundary layer is formed.
The concentration gradient profile φ′(η) is depicted in Fig.10.4. Adding the effect
of magnetic H2 results to decrement of the |φ′(η)| at the sheet. The influence of
N is seen to increase the |φ′(η)|, regardless of the values of H2. However, this sce-
nario does not persistent; i.e at certain concentration gradient thickness η opposite
behaviour eventuated.

Figure 7.2: Velocity profile for certain values of N when β = R,
Sc = Bi = 1.
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Figure 7.3: Temperature profile for certain values of N when β = R,
Sc = Bi = 1.

Figure 7.4: Concentration profile for certain values of N when β = R,
Sc = Bi = 1.

Figure 7.5: Concentration gradient profile for certain values of N when
β = R, Sc = Bi = 1.

7.4 Conclusion

The current study was designed to determine the influence of various values of
controlling parameters. The analysis leads to the following conclusions:

� The magnitude of f ′′(0) is increasing while opposite phenomenon occur for
θ′(0) and φ′(0) when the Hartmann number, H2 is increase.
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� The velocity motion within the boundary layer is reduce affected by extending
of N .

� Temperature and concentration within the layer is increase by increment of
H2 and decrease by increment of N .
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Abstract

The RSA cryptosystem is the earliest public key cryptosystem which came into ex-
istence since 1978 and has become the most broadly used public key cryptosystem
in the world. So far, RSA is being implemented as a default cryptosystem in most
of web browsers and also most commonly used feature to secure internet banking
systems. For decades, studies on improving the efficiency of RSA in terms of its
encryption and decryption time, and also its security were conducted. Hence, many
variants of RSA were proposed to overcome such said issues. Essentially this review
article attempts to analyze the variants of RSA cryptosystem which shared a simi-
larity of possessing its public key e and private key d satisfying this particular key
equation of the form ed−k(p2−1)(q2−1) = 1 where the product of (p2−1)(q2−1)
is referred as modified Euler totient function. This review article also emphasizes
on the algebraic cryptanalysis methods proposed on those variants cryptosystems
specifically via the continued fractions method and the lattice reduction method.

Keywords: variants of RSA, algebraic cryptanalysis, continued fractions method,
lattice reduction method.

8.1 Introduction

Back in 1976, the idea of using different keys for encryption and decryption process
between the communicating parties was introduced in the influential work of Diffie
and Hellman [9]. However, the notion of asymmetric cryptography is not yet realized

67



Seminar on Mathematical Sciences (SOMS) 2019

by many until the introduction of the very first practical public key cryptosystem–
the RSA cryptosystem. It is made widely known in 1978 and the acronym of RSA
was initially from the names of its inventors; Rivest, Shamir, and Adleman [23].

This cryptosystem is being implemented in most of web servers with the goals
of providing privacy, authenticity and also the security of digital data. RSA is em-
ployed to secure web traffic, e-mail, e-commerce also smart cards. For more than
four decades, research on improving the efficiency of RSA in terms of its encryption
and decryption time, and also its security were vastly conducted. Hence, numerous
variants of RSA cryptosystem were proposed to overcome all the possible vulnerabil-
ities. Previously, there are many reviews and surveys were published discussing on
RSA and its variants also its related cryptanalysis such as in [1,3,12,17]. The author
in [1] excellently discussed on the attacks previously launced on RSA cryptosystem
which mentioned that these attacks mostly tackled on the pitfalls to be averted when
implementing RSA. While in [3], the authors discussed in details on some variants
of RSA with the purpose of speeding up the RSA decryption in software. This kind
of system is suitable to be enforced on small devices and web servers.

In this paper, we specifically survey on three variants of RSA of the shape N =
pq; that are designed with the condition of its public exponent e and private exponent
d fulfilled a particular key equation of the form ed − k(p2 − 1)(q2 − 1) = 1. For
simplicity, we referred the term (p2 − 1)(q2 − 1) as modified Euler totient function
throughout this article. Among the cryptosystems being reviewed are the instances
of RSA cryptosystem based on ellipitic curves, domain of Gaussian integers and
Lucas sequences. As concluded in [10], the extension of RSA cryptosystem based
on Gaussian integers possesses benefit over the original RSA in term of the security
purpose. This is due to the Euler totient function which is in the form of (p −
1)(q − 1) of the original RSA cryptosystem is extended to (p2 − 1)(q2 − 1) which
provides more security to the system. According to [7], the variant of RSA based
on Lucas sequences serves as the alternative to the cryptosystems based on the hard
problems similar to RSA. The advantage of the cryptosystem proposed in [7] is on
the computational cost which is smaller as compared to El-Gamal elliptic curves
cryptosystem.

The layout of this review article is as follows. A brief review on the basic of RSA
cryptosystem is presented in Section 8.2. In Section 8.3, the selected variants of RSA
cryptosystem are discussed in details. The proposed algebraic attacks launched on
the selected variants of RSA mentioned previously are compiled in Section 13.4.
This review article is summed up in Section 8.5.

8.2 A Basic Review on RSA Cryptosystem

In this section, we present the construction algorithms of the textbook RSA cryp-
tosystem [23]. RSA is made up of three constituents which are the key generation,
encryption and decryption that can be defined as in Algorithm 1. Refer to [13, 19]
for more information on this cryptosystem.

The Correctness of RSA Decryption.
In order to prove that the decryption process of RSA reverses its encryption process,
first, express the modular relation ed ≡ 1 (modφ(N)) into an equation of the form
ed = 1 + kφ(N) for some positive integer k. Then, by Euler’s theorem; which
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Algorithm 1: The RSA Cryptosystem.

Key Generation Algorithm
Input: t-bits size of chosen primes.
Output: Public key pair (N, e) and its respective private key tuple (p, q, d).
1. Selects randomly two distinct primes p and q such that 2t < p, q < 2t+1.
2. Calculates N = pq and φ(N) = (p− 1)(q − 1).
3. Chooses an integer e which satisfies e < φ(N) and gcd(e, φ(N)) = 1.
4. Calculates a respective integer d such that d ≡ e−1 (mod φ(N)).
5. Keeps private keys (p, q, d) and publicizes public keys (N, e).

Encryption Algorithm
Input: The plaintext M ∈ Z∗N and public key pair (N, e).
Output: The ciphertext C.
1. Calculates C ≡M e(mod N).
2. Sends ciphertext C.

Decryption Algorithm
Input: The private keys (p, q, d) and ciphertext C.
Output: The plaintext M .
1. Calculates M ≡ Cd(mod N).
2. Recovers back plaintext message M .

state that for any positive integer M with gcd(M,N) = 1, this modular relation
Mφ(N) ≡ 1 (mod N) holds. Thus, the proof of correctness for RSA decryption is
given as follows.

Cd ≡ (M e)d ≡M1+kφ(N) ≡M · (Mφ(N))k ≡M (mod N) (8.1)

Hence, it is proven that from 8.1, for a given ciphertext C, we can always retrieve
back the corresponding plaintext M .

In RSA cryptosystem, an integer N is known as RSA modulus, parameter e is
the public exponent while d is its respective private exponent. An integer e and d
are associated by the equation of the form ed− k(p− 1)(q − 1) = 1 for some k ∈ Z.
The product of (p − 1)(q − 1) is well-known as Euler totient function (i.e. often
denoted by φ(N)).

Essentially, the security of RSA relies on the hardness of integer factorization
problem of the shape N = pq together with the modular eth root problem and
the difficulty of solving the key equation problem. These hard problems are briefly
defined as follows.

Definition 8.2.1. Integer Factorization Problem.
Given an RSA modulus N = pq. Then, the integer factorization problem is to find
the prime factors p and q.

Definition 8.2.2. Modular eth Root Problem.
Given an RSA public key pair (N, e) where N = pq and e ≥ 3. Then, the modular
eth root problem is to solve for an integer M from C which is related by C ≡
M e (mod N).
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Definition 8.2.3. Key Equation Problem.
Given an RSA modulus N = pq and e ∈ Z which satisfies the equation ed−kφ(N) =
1 where φ(N) = (p− 1)(q− 1). Then, the key equation problem is to solve for inte-
gers φ(N), k, and d.

It is worth to note that the security of many variants of RSA also relies on the
hard problems of the original RSA.

8.3 Survey on Variants of RSA with Particular Key
Equation

In this section, we scrutinize our analysis on the existing extended versions of RSA
cryptosystem with the special form of key equation and of modulus N = pq. Observe
that the public exponent e and its respective private exponent d of these variants
cryptosystem satisfy the modified key equation of the form ed−k(p2−1)(q2−1) = 1
for some k ∈ Z. We put forward reviews for selected RSA variants in the following
next subsections.

8.3.1 RSA Variant Based on Elliptic Curves

In 1995, Kuwakado et al. [16] suggested the idea of adapting singular elliptic curves
into RSA cryptosystem with modulus of the shape N = pq. The related elliptic
curves used in this public key cryptosystem is

EN (b) : y2 ≡ x3 + bx2 (mod N) (8.2)

which defined over ZN (i.e. the ring of integers modulo N); such that (x, y) is the
set of points in Z2

N and b ∈ Z/NZ.

Briefly, in the process of encryption and decryption of this cryptosystem, the
plaintext M and ciphertext C can be represented by point ρ = (x, y) which lies on
elliptic curves (8.2) where the proof of correctness of the decryption algorithm is
due to the following relation

(p2 − 1)(q2 − 1)ρ = ON , (8.3)

such that ON is defined as the additive identity of the curve or can be denoted as
the point at ∞. The following Algorithm 2 summarizes the cryptosystem in [16].

Remark 8.3.1. The computation of plaintext point M and ciphertext point C is
performed over the curve y2 ≡ x3 + bx2(mod N).

Observe from step 4 in key generation of Algorithm 2, the modular relation
d ≡ e−1 (mod (p2 − 1)(q2 − 1)) can be expressed equivalently in the key equation
form ed − k(p2 − 1)(q2 − 1) = 1. From this point, an attack on this form of key
equation can be launced.
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Algorithm 2 The Kuwakado et al. Cryptosystem

Key Generation Algorithm
Input: t-bits size of selected primes.
Output: The private key tuple (p, q, d) and public key pair (N, e).
1. Chooses randomly p and q which are the distinct primes where 2t < p, q < 2t+1.
2. Calculates N = pq.
3. Selects an integer e which has gcd(e, (p2 − 1)(q2 − 1)) = 1.
4. Calculates the corresponding integer d where d ≡ e−1 (mod (p2 − 1)(q2 − 1)).
5. Returns the private key tuple (p, q, d) and public key pair (N, e).

Encryption Algorithm
Input: The plaintext M and public key pair (N, e).
Output: The ciphertext C.
1. Transforms the message M = (Mx,My) ∈ Z2

N .

2. Calculates b =
M2
y−M3

x

M2
x

(mod N).

3. Calculates ciphertext point C = (Cx, Cy) = e(Mx,My).

Decryption Algorithm
Input: The private key d and ciphertext (Cx, Cy).
Output: The plaintext M .

1. Computes b =
C2
y−C3

x

C2
x

(mod N).

2. Computes the point M = (Mx,My) = d(Cx, Cy).

8.3.2 RSA Variant Based on Gaussian Integers

In 2002, Elkamchouchi et al. [10] proposed an idea to extend RSA cryptosystem
into the domain of Gaussian integers. By definition, a Gaussian integer is a complex
number whose the real and imaginary parts are both integers. Recall the form of
a complex number is x + iy where x is the real part, y is the imaginary part and
i = −1. Considering the case of ordinary addition and multiplication of complex
numbers, Gaussian integers formed an integral domain or can be expressed as Z[i].
Hence, we have

Z[i] = {x+ yi|x, y ∈ Z} (8.4)

The Euclidean norm of (10.4) is defined as |x+ iy| = x2 + y2. Any Gaussian integer
is called a Gaussian prime if its only divisor is a unit (i.e. all units of Z[i] are ±1
and ±i); which also has norm equal to 1. Among the properties of a Gaussian prime
are as follows:

� If x+ iy ∈ C is a Gaussian prime, then x2 + y2 ∈ Z is a prime holds.

� If an integer q is an ordinary prime, then the Gaussian integers q and qi are
Gaussian primes iff the modular relation q ≡ 3 (mod 4) holds.

� Let β is a Gaussian integer. The modular relation β|P |−1 ≡ 1 (mod P ) holds
when β 6≡ 0 (mod P ) if P is a Gaussian prime.

� Let β is a Gaussian integer. The modular relation β(|P |−1)(|Q|−1) ≡ 1 (mod N)
holds when β 6≡ 0 (mod N) if N = PQ is the product of two Gaussian primes.

� Let β is a Gaussian integer. The modular relation β(p2−1)(q2−1) ≡ 1 (mod N)
holds when β 6≡ 0 (mod N) if N = pq is the product of two ordinary primes.
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By considering all properties of Gaussian integers mentioned into account, Elkam-
chouchi et al. [10] introduced a new variant of RSA cryptosystem as described in
Algorithm 3.

Algorithm 3 The Elkamchouchi et al. Cryptosystem

Key Generation Algorithm
Input: t-bits size of security parameter.
Output: The private parameters (P,Q, d) and public parameters (N, e).
1. Selects Gaussian primes P and Q of similar norm such that P 6= Q.
2. Calculates N = PQ.
3. Selects e ∈ Z which has gcd(e, (|P | − 1)(|Q| − 1)) = 1.
4. Calculates the corresponding d ∈ Z where d ≡ e−1 (mod (|P | − 1)(|Q| − 1)).
5. Keeps parameters (P,Q, d) and publicizes parameters (N, e).

Encryption Algorithm
Input: The public parameters (N, e) and plaintext M .
Output: The ciphertext C.
1. Converts the plaintext M to Gaussian integer (i.e. M ∈ Z[i]).
2. Calculates C ≡M e(mod N).

Decryption Algorithm
Input: The private parameter d and ciphertext C ∈ Z[i].
Output: The plaintext M ∈ Z[i].
1. Calculates M ≡ Cd(mod N).

Observe that from the key generation of Algorithm 3, if the modulus N ∈ Z is
the product of two ordinary prime numbers p and q (i.e. N = pq), then yields the
modular inverse e of an integer d or can be written as d ≡ e−1(mod (p2−1)(q2−1))
which also can be expressed in key equation form as

ed− k(p2−)(q2 − 1) = 1. (8.5)

Again, the key equation as in (8.5) is equivalent to the key equation used in cryp-
tosystem suggested by Kuwakado et al. [16].

8.3.3 RSA Variant Based on Lucas Sequences

In 2006, Castagnos [7] designed a probabilistic version of RSA-variants that works
in environment of quadratic fields quotients. The idea behind this public key cryp-
tosystem was to utilize the properties of Lucas sequences in the encryption and
decryption algorithms. Suppose r is an integer. Briefly, the Lucas sequences is
defined as the following.

V0(r) = 2, V1(r) = r, Vk+2(r) = rVk+1(r)− Vk(r), where k ≥ 0.

Note that, square and multiply algorithm is considered the efficient method to com-
pute Lucas sequences. In the next Algorithm 4, be reminded that

(
x
p

)
represents

the Jacobi symbol that can be found in details in [26].
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Algorithm 4 The Castagnos Cryptosystem

Key Generation Algorithm
Input: t-bits size of security parameter.
Output: The private keys p, q and public key pair (N, e).
1. Selects distinct and of the same bit-sizes primes p and q.
2. Calculates N = pq.
3. Selects e ∈ Z which has gcd(e, (p2 − 1)(q2 − 1)) = 1.
4. Keeps the private keys p, q and publishes the public key pair (N, e).

Encryption Algorithm
Input: The public key pair (N, e) and plaintext M .
Output: The ciphertext C.
1. Converts the original plaintext to M ∈ Z/NZ.
2. Selects a random integer r from the set {1, · · · , N − 1}\{2, N − 2}.
3. Calculates ciphertext C such that C ≡ (1 +MN)Ve(r) (mod N2).

Decryption Algorithm
Input: The private keys p, q, d and ciphertext C.
Output: The plaintext M .

1. Calculates ip =
(
C2−4
p

)
and d(p, ip) ≡ e−1(mod p− ip).

2. Calculates iq =
(
C2−4
q

)
and d(q, iq) ≡ e−1(mod q − iq).

3. Calculates rp ≡ Vd(p,ip)(mod p) and rq ≡ Vd(q,iq)(mod q).

4. Calculates p′ ≡ p−1(mod q) and r = rp + p(rp − rq)p′(mod N).

5. Calculates tp ≡ C
Ve(r)

(mod p2) and Mp ≡ q−1 · tp−1
p (mod p).

6. Calculate tq ≡ C
Ve(r)

(mod q2) and Mq ≡ p−1 · tq−1
p (mod q).

7. Calculates the plaintext M such that M ≡Mp + p(Mq −Mp)p
′(mod N).

Observe that from the key generation of Algorithm 4, the corresponding inverse
of an integer e (i.e. an integer d) is not computed directly by the algorithm. However,
as mentioned in [7], the private exponents d are represented by the vectors

d = {d(p,1), d(p,−1), d(q,1), d(q,−1)} (8.6)

where d(p,i) ≡ e−1(mod p− i) for i = ±1, the same argument holds for the prime q.

Hence, the key equation having the shape ed − k(p2−)(q2 − 1) = 1 is deduced
and the proposed attacks designed on this particular key equation also work on this
cryptosystem when d is specifically small.

8.4 Algebraic Cryptanalysis on Particular Key Equa-
tion of Variants of RSA

We devoted this section to discuss the cryptanalytic works proposed upon the vari-
ants of RSA cryptosystem previously mentioned in Section 8.3. We are interested
on the cryptanalysis technique via the continued fractions method and the lattice
reduction method. In the first part, we present the previous cryptanalytic works
which utilized the continued fractions properties to find the approximation of mod-
ified Euler totient function (i.e. the term ω(N) = (p2 − 1)(q2 − 1)). Then, we show
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the application of the Coppersmith’s theorem [8] in the previously cryptanalytic
works.

We begin by reviewing the fundamental knowledge of continued fractions and its
related concepts.

Definition 8.4.1. (Continued fractions, [20]) The continued fractions expansion of
x ∈ R can be defined and written in the following form

x = [x0, x1, x2, · · · ] = x0 +
1

x1 + 1
x2+ 1

x3+···

such that x0 ∈ Z and xi ∈ Z+ for i > 0.

From Definition 8.4.1,

I. The numbers x1, x2, x3, · · · are known as partial quotients.

II. For i ≥ 0, the fractions ri
si

= [x0, x1, x2, · · · , xi] are known as convergents of
continued fractions expansion of ri

si
.

III. For x = a
b , the continued fractions algorithm (i.e. the Euclidean Algorithm)

computes the convergents in polynomial time; O(log b).

Consequently, the following theorem is the significant result on continued frac-
tions that can be found in most of literatures related to cryptanalysis of RSA via
diophantine approximations.

Theorem 8.4.2. (Legendre’s Theorem, [11]) Let x ∈ Q and y, z ∈ Z+ where gcd(y, z) =
1. If ∣∣∣∣x− y

z

∣∣∣∣ < 1

2z2
, (8.7)

then
y

z
is a convergent of the continued fractions expansion of x.

Since 1990, Wiener [25] pioneered a prominent attack upon RSA cryptosystem
when the secret exponent d is suitably small. Wiener proved that the secret param-
eters k and d can be found efficiently using the continued fractions algorithm to find
the associated convergents of public value e

N . The attack is elaborated by the next
theorem.

Theorem 8.4.3. Suppose N = pq and φ(N) = (p − 1)(q − 1) such that q < p < 2q.
Suppose the exponents d and e < φ(N) satisfying an equation ed − kφ(N) = 1 for
some k ∈ Z. If d < 1

3N
0.25, then k

d is a convergent of continued fractions expansion
of e

N .

Proof. See (Wiener, [25]).

Then, one can retrieve the prime factors p and q by finding the roots X1 and X2

of polynomial X2 − (N − φ(N) + 1)X +N = 0 (i.e. X1 = p and X2 = q).

Inspired by Wiener’s attack on RSA, in 2016, Bunder et al. [4] suggested an
attack upon variants of RSA cryptosystem mentioned in [7, 10, 16], also using the
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continued fractions method to find k
d among the convergents of e

N2− 9
4
N+1

. The at-

tack is described in the following theorem.

Theorem 8.4.4. Let (N, e) be a public key in cryptosystems by [7, 10, 16] such that
modulus N = pq with q < p < 2q. Let ω(N) = (p2−1)(q2−1). If e < ω(N) satisfies

an equation ed − kω(N) = 1 whenever d <
√

2N3−18N2

e , then the prime factors p

and q can be found in polynomial time.

Proof. See (Bunder et al., [4]).

Lemma 8.4.5. Suppose an RSA modulus N = pq such that q < p < 2q. If φ1 =
N2 − 5

2N + 1 and φ2 = N2 − 2N + 1, then φ1 < (p2 − 1)(q2 − 1) < φ2.

Proof. See (Bunder et al., [4]).

Previously, [4] proved that ω(N) = (p2−1)(q2−1) is bounded by certain interval
as in Lemma 8.4.5. Based on the attack in Theorem 8.4.4, the unknown term ω(N)
is approximated to the public value N2 − 9

4N + 1 which actually the midpoint of
interval (N2− 5

2N + 1, N2−2N + 1). Upon obtaining the values of d and k, one can
find the factorization of modulus N by solving the roots X1 and X2 of polynomial
X2 − (N2 − ω(N) + 1)X +N2 = 0 (i.e. X1 =

√
p and X2 = q).

Later, Tonien [24] extends the work in [4] by introducing the new attack also
based on the continued fractions method. The attack is applicable upon the cryp-
tosystems having its public exponent e and secret exponent d that are associated by
modular relation ed ≡ 1(mod (p2 − 1)(q2 − 1)). The proposed attack is summarized
as follows.

Theorem 8.4.6. Suppose t ∈ N − {0} is fixed and ω(N) = (p2 − 1)(q2 − 1). The
unknowns k

d can be found among the convergents of e
Ni

for some 1 ≤ i ≤ t via
the continued fractions algorithm with time complexity O(t log(N)) if the following
requirements are met;

� q < p < 2q, 0 < e, d < ω(N), ed− kω(N) = 1,

� d <

√
2t(N2− 5

2
N)2

e(N+4t) ≈ 2tN3 and

� Ni = N2 − 5
2N + (2i− 1)N4t + 1, i ∈ [1, t].

Proof. See (Tonien, [24]).

Recently in 2018, Bunder et al. [6] published another new attack upon the same
variants of RSA cryptosystem as in [7,10,16]. This time, the authors contemplated
on case where the distinct primes p and q are said to be unbalanced (i.e. the primes
are of arbitrary sizes satisfying q < p < µq). Note that a chosen parameter µ takes
the value µ > 2. If a chosen parameter µ = 2, then the two distinct primes p and q
are of the same-bit-size or they are said to be balanced primes. The attack can be
described as follows.
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Theorem 8.4.7. Suppose an RSA modulus N = pq such that q < p < µq and e be
the public values in cryptosystems by [7, 10, 16]. Let ω(N) = (p2 − 1)(q2 − 1). If

e < ω(N) satisfies the key equation ed − kω(N) = 1 wherever d <
N(N−(µ+ 1

µ
))√

e(
(µ−1)2

µ
N+2)

,

then the unknown k
d is among the convergents of e

N2+1− (µ−1)2

2µ
N

via the continued

fractions algorithm and leads to factorization of N in poly-time.

Proof. See (Bunder et al., [6]).

Lemma 8.4.8. Suppose an RSA modulus be presented by N = pq with q < p < µq.
Let α1 = N2 − (µ+ 1

µ)N + 1 and α2 = N2 − 2N + 1. Then α1 < ω(N) < α2.

Proof. See (Bunder et al., [6]).

Similar to the approach in [4], the term ω(N) = (p2 − 1)(q2 − 1) is proven to
be within the interval as stated in Lemma 8.4.8. Based on the attack in Theorem
8.4.7, the denominator term of public number e

N2+1− (µ−1)2

2µ
N

represents midpoint of

interval (N2 − (µ+ 1
µ)N + 1, N2 − 2N + 1) and the approximation of the unknown

value ω(N).

In the next part, we present the previous cryptanalytic works which applied the
theory established by Coppersmith [8] as in the following Theorem 8.4.9. One can
apply this theorem to prove that if for an RSA modulus N = pq with the same
-bit-size primes p and q satisfying the condition of |p − q| < N0.25, then leads to
solve for the unknown factors p and q.

Theorem 8.4.9. Suppose the product of two distinct primes be denoted by N = pq
with q < p < 2q. If p is approximated to % with the difference between the terms is
|p−%| < N0.25, then the unknowns p and q can be found in poly-time (i.e.O(log N)).

Proof. See (Copppersmith, [8]).

Boneh and Durfee [2] suggested an influential result over Wiener’s bound. As
a result, one can obtain the unknown primes p and q wherever d < N0.292 within
polynomial time. This result is due to Coppersmith’s method on solving the small
roots for modular polynomial equations with one variable. Another contribution of
Coppersmith is by introducing an algorithm for solving small roots of integer poly-
nomial equations with two variables. Interested readers may refer to [18] for the
details on the Coppersmith’s approach.

Bunder et al. [5] continue the work in [4] by considering more general form of key
equation such that eu−(p2−1)(q2−1)v = w. The new suggested attack is as follows.

Theorem 8.4.10. Suppose an RSA modulus be presented by N = pq with q < p < 2q.
If a public value e satisfies an equation eu−(p2−1)(q2−1)v = w with gcd(u, v) = 1.
If

uv < 2N − 4
√

2N0.75 and |w| < (p− q)N0.25v,

then one can obtain the prime factorization of N in polynomial time (i.e.O(log N)).
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Proof. See (Bunder et al., [5]).

Based on the attack in Theorem 8.4.10, the unknown positive integers u and v
can be found among the convergents of public rational number e

N2− 9
4
N+1

via the

continued fractions algorithm. Then, the Coppersmith’s method is applied to factor
primes p and q. Recalled that the bound of δ of Theorem 8.4.10 is simplified to

δ <
3− β

2
, (8.8)

when assuming e = Nβ, u = N δ and |w| = Nγ .

Next after, Nitaj et al. [21] proposed an attack upon the generalized key equation
of the shape

eu− (p2 − 1)(q2 − 1)v = w, (8.9)

by utilizing the Coppersmith’s theory on finding the modular roots of multivariate
polynomials. In comparison with the result in [5], Nitaj et al. improved the previous
result by proposing a better bound of δ to

δ <
7

3
− γ − 2

3

√
1 + 3β − 3γ − ε. (8.10)

By letting |w| = 1, then the only possible value for γ is zero. Then, equation 8.10
becomes

δ <
7

3
− 2

3

√
1 + 3β − ε. (8.11)

Then, to compare the bound in [5] and [21] by finding the difference denoted δ1

between equation 8.11 and equation 8.8 which yields

δ1 =
5

6
+
β

2
− 2

3

√
1 + 3β − ε (8.12)

By omitting the ε term in equation 8.12, it is cleared that δ1 ≥ 0. Thus, the bound
of δ in [21] improves as compared to the result in [5].

In contrary, Peng et al [22] suggested an attack to solve for an equation

ed− k(p2 − 1)(q2 − 1) = 1 (8.13)

by adopting the Coppersmith’s technique to solve for the secret parameters k, p, q
by firstly transforming the equation 8.13 into the modular equation of the form

k(p2 − 1)(q2 − 1) + 1 ≡ 0 (mod e). (8.14)

Then, under certain circumstances, [22] improves the results of δ which previously
proposed in [5, 21] to

δ < 2−
√
β, where β ≥ 1. (8.15)

By finding the difference between the bound of δ in equation 8.15 and equation 8.12
denoted by δ2 which yields

δ2 =
2

3

√
1 + 3β − β − 1

3
− ε. (8.16)
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By disregarding ε term in equation 8.16, it is cleared that δ2 ≥ 0. Thus, the bound
of δ in [22] improves as compared to the result in [5, 21].

In different setting, Zheng et al. [27] for the first time proposed results on multiple
secret keys attack and partial key exposure attack upon variants of RSA cryptosys-
tem with particular key equation with the shape of equation 8.13. The authors
utilized the lattice-based methods and compared their result with the original RSA
cryptosystem. Remark that the authors consider the maximum size of public keys
(i.e. e ≈ N -original RSA and e ≈ N2-variants of RSA) in showing the respective δ.
The respective result in [27] is summarized in the following Table 1.

Attack Original RSA Cryptosystem [23] Variants of RSA [7,10,16]

Small secret key attack δ < 0.292 [2] δ < 0.585

Multiple secret keys attack δ < 1−
√

2
3n+1 [14] δ < 2−

√
8

3n+1

Partial key exposure attack δ <
2+γ−

√
2−3γ2

2 [15] δ < 7+3γ−2
√

7+3γ
3

Table 8.1: The attacks proposed in [27] and its respective result on bound of δ.
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Observing from Table 1, note that for the multiple secret keys attack, parameter
n is the number of given key-pairs whilst for partial key exposure attack, parameter
γ is the known key exposure.

8.5 Conclusion

In this article, we have reviewed several variants of RSA cryptosystem constructed
based on various algebraic structures –such as the instances of RSA extended with
elliptic curves, Gaussian integers and Lucas sequences. Remark that this article
specifically focus on the variants of RSA having its public and corresponding pri-
vate keys e and d respectively and satisfying this particular key equation (i.e. key
equation with the shape ed− k(p2− 1)(q2− 1) = 1). We scrutinize all cryptanalytic
works proposed especially via the continued fractions method and the Coppersmith’s
method.

As for the future work, interested readers may consider to explore the case for
simultaneous diophantine approximations of this particular key equation and im-
provise the use of lattice reduction method (i.e. the Coppersmith’s approach) to
improve the previously proposed bound of secret exponent.
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Abstract

The qualitative effect of a cubic temperature gradient on the linear stability analysis
on the onset of Rayleigh-Benard convection in an Eringen’s micropolar fluid is stud-
ied by using a single term Galerkin technique. In the case of Rayleigh-Benard convec-
tion, the eigenvalues is obtain for free-free, rigid-free, rigid-rigid velocity boundary
combinations with isothermal and adiabatic temperature conditions on the spin-
vanishing boundaries. The influence of various parameters has been analysed. Two
cubic temperature gradient and a linear temperature profile are considered in this
paper and their comparative influence on onset of convection is discussed.

Keywords: Rayleigh-Benard Convection; Micropolar; Cubic temperature gradi-
ent.

9.1 Introduction

The problem of thermal convection in a fluid layer driven by buoyancy (Benard)
effects has recently been assumed importance in material processing. Thermal en-
ergy can be described as energy that is transferred from hot places to cold places
by convection. Then, convection will occurs when warmer areas of a liquid or gas
rise to cooler areas in the liquid or gas. Cooler liquid or gas then takes the place of
the warmer areas which have risen higher. This results in a continuous circulation
pattern. We can see that, water boiling in a pan is a one good example of these
convection currents. Another good example of convection is in the atmosphere. This
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phenomenon occur when the earth’s surface is warmed by the sun, the warm air rises
and cool air moves in.

Evolution of convection in a fluid has been greatly studied by many authors such
as Roberts [1], Char and Chiang [2], Idris et al. [3], Mahmud et al. [4], Idris and
Hashim [5, 6], and Tanasawa [7]. Convection is the transfer of internal energy into
or out of an object by the physical movement of a surrounding fluid that transfers
the internal energy along with its mass. Although the heat is initially transferred
between the object and the fluid by conduction, the bulk transfer of energy comes
from the motion of the fluid. In general, there are two types of convective heat
transfer may be distinguished. That was free or natural convection and forced
convection. Forced convection is a mechanism in which fluid motion is generated
by an external source like a pump, fan, or other device. The familiar examples of
natural convection are the upward flow of air due to a fire or hot object and the
circulation of water in a pot that is heated from below.

Micropolar fluids are fluids with microstructure. They belong to a class of flu-
ids with non-symmetric stress tensor that we shall call polar fluids, and include,
as a special case, the well-established Navier-Stokes model of classical fluids that
we shall call ordinary fluids. Physically, micropolar fluids may represent fluids con-
sisting of rigid, randomly oriented (or spherical) particles suspended in a viscous
medium, where the deformation of fluid particles is ignored. The model of microp-
olar fluids introduced in Eringen [8] is worth studying as a very well balanced one.
Based on Eringen [8], micropolar fluids is a subclass of microfluids. The theory
of microfluids introduced by Eringen [8] deals with a class of fluids which exhibit
certain microscopic effects arising from the local structure and micro-motions of the
fluid elements. These fluids can support stress moments and body moments and are
influenced by the spin inertia. Onset of Rayleigh-Benard convection in horizontal
micropolar fluid has been studied by Siddeshwar and Pranesh [10] with six types of
temperature gradient, which are linear, piecewise linear (heated from below), piece-
wise linear (cooled from above), inverted parabola, step function and parabola and
the fluid is bounded by free-free, rigid-free and rigid-rigid velocity boundary combi-
nations with isothermal and adiabatic. Later, Siddeshwar and Pranesh [10] studied
Benard-Marangoni magnetoconvection with suspended particles confined between
an upper free/adiabatic and a lower rigid/isothermal boundary.

The objective of the present study is to analyze the effect of various hydrody-
namic boundary condition on the onset of Rayleigh-bénard convection of a horizontal
layer of micropolar fluids is heated from below with cubic temperature profile. Most
of the previous authors considered only the six type of non-uniform temperature
profiles of the present problem. To the best of our knowledge, this problem has not
been studied before and the results reported here are new and original.

9.2 Mathematical Formulation

Consider an infinite horizontal micropolar fluid of an electrically conducting fluid
with depth,d. Let ∆T be the temperature different between upper and lower bound-
ary layer. A Cartesian coordinate system is taken with origin in the lower boundary
and the z−axis vertically upwards. The no-spin boundary condition is assumed
for microtation. The governing equations for the Rayleigh-Benard situation in a
Boussinesquian micropolar fluid are:

∇ · q = 0, (9.1)
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ρ0

(
∂q

∂t
+ (q · ∇)q

)
= −∇p− ρgk̂ + (2ζ + η)∇2q + ζ (∇× ω) , (9.2)

ρ0I

(
∂ω

∂t
+ (q · ∇)ω

)
=
(
λ′ + η′

)
∇ (∇ · ω) + η′∇2ω + ζ (∇× q − 2ω) , (9.3)

∂T

∂t
+ (q · ∇)T =

β

ρ0Cv
(∇× ω) · ∇T + κ∇2T, (9.4)

ρ = ρb [1− α (T − Tb)] , (9.5)

where g is acceleration due to gravity, λ and η are the bulk and shear kinematic
viscosity coefficients, λ′ and η′ are the bulk and shear spin velocity coefficients,
ς is the coupling viscosity coefficient or vortex viscosity, β is the micropolar heat
conduction coefficient, Cv is the specific heat, ρ0 is the density of the fluid at tem-
perature T = T0 and I is the moment of inertia. The upper boundary is assume to
be non-deformable and the basic state of the fluid is quiescent (at rest) described by

qb = (0, 0, 0), ωb = (0, 0, 0), p = pb(z), −
dTb
dz

= f(z), (9.6)

where the subscript b indicates the basic state. Here, f(z) is the basic non-uniform
temperature gradient. The cubic temperature gradient consider in this paper are
Cubic 1 and Cubic 2. Let the basic state be disturbed by an infinitesimal thermal
perturbation:

q = qb + q′, ω = ωb + ω′, p = pb + p′, ρ = ρb + ρ′, T = Tb + T ′. (9.7)

The primes indicate that the quantities are infinitesimal perturbation. In the present
problem, we assume the principle exchange of stability is valid and deal only with
stationary convection. Substituting Eq. (9.7) into Eqs. (9.1)-(9.5), we get linearized
governing equations to the infinitesimal perturbations in the form

0 = ∇ · q, (9.8)

0 = −∇p′ − ρ′gk̂ + (2ζ + η)∇2q′ + ζ∇× ω′, (9.9)

0 =
(
λ′ + η′

)
∇
(
∇ · ω′

)
+ η′∇2ω′ + ζ

(
∇× q′ − 2ω′

)
, (9.10)

−W ∆T

d
f(z) =

β

ρ0Cv

[
∇× ω′ ·

(
−∆T

d
f(z)

)
k̂

]
+ κ∇2T ′, (9.11)

ρ′ = −αρ0T
′, (9.12)

The perturbation Eqs. (9.8)-(9.12) are non-dimensionalised using the following def-
initions:

(x∗, y∗, z∗) =
(x
d
,
y

d
,
z

d

)
, W ∗ =

W ′

x/d
, Ω∗ =

[∇× ω′]z
x/d3

, T ∗ =
T ′

∆T
, (9.13)

Substituting Eq. (9.13) into Eqs. (9.8)-(9.12), eliminating the pressure term by
operating curl twice on the resulting equation of (9.10), operating curl on (9.11)
and retaining the z−component, we obtain

(1 +N1)∇4W +N1∇2Ω +R

(
∂2T

∂x2
+
∂2T

∂y2

)
= 0, (9.14)

N3∇2Ω− 2N1Ω−N1∇2W = 0, (9.15)

∇2T + f(z) (W −N5Ω) = 0, (9.16)
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where R = gα∇Tρbd3
(η+ζ)χ is the Rayleigh number that represent the measure of buoy-

ancy force to the dissipation force of viscous and the thermal dissipation, N1 =
ζ

η+ζ ; (0 ≤ N1 ≤ 1) is the coupling parameter that represent the concentration of

suspended particles in the fluid, N3 = n′

(η+ζ)d2
; (0 ≤ N3 ≤ ∞) is the couple stress

parameter that represent the parameter which reduces the rate flow of fluid and
lastly N5 = β

ρbCvd2
; (0 ≤ N5 ≤ ∞) is the micropolar heat conduction parameter that

represent the heat induced into the fluid due to the microelements. If ζ = 0, the
above Rayleigh number identifies itself with classical definition. In this paper, we
consider the steady-state temperature profile as given by (see Dupont et al. [11] and
Chiang [12]):

Tb = T̄OS − a1 (z̄ − d)− a2(z̄ − d)2 − a3(z̄ − d)3, (9.17)

where (̄ ) denotes dimensional quantities, T̄OS as the temperature at upper free
surface horizontal fluid layer, and ai, i = 1, 2, 3 are constants. In non-dimensional
form, the f(z) in Eq. (9.16) is given by (see Dupont et al. [11] and Chiang [12])

f(z) = a∗1 + 2a∗2 (z − 1) + 3a∗3(z − 1)2. (9.18)

Then, the special case a∗1 = 1, a∗2 = 0, a∗3 = 0 enclosed the classical linear temper-
ature distribution. We point out that the Model 1 (Cubic 1) is the theory of this
model while Model 2 (Cubic 2) is the experimental conditions of Dupont et al. [11].
Three basic temperature gradients are considered for this thesis as mentioned in
Table 9.1.

Table 9.1: Reference steady-state temperature gradients

Reference steady-state
Model temperature gradient f(z) a∗1 a∗2 a∗3
1 Cubic 1 3(z − 1)2 0 0 1
2 Cubic 2 0.6 + 1.02(z − 1)2 0.6 0 0.34
3 Linear 1 1 0 0

The infinitesimal perturbations W , T and Ω are assumed to be periodic waves
and hence these permit normal mode solution in the form suggested by Chan-
drasekhar [13]

(W,T,Ω) = [W (z),Θ(z), G(z)] exp [i (axx+ ayy)] , (9.19)

where W (z) ,Θ(z) and G(z) are amplitudes of the perturbations vertical velocity,

temperature, and spin respectively. In addition, a =
√
a2
x + a2

y is the wave number of

the disturbances on the fluid layer while x and y are the horizontal component of the
wave number α. After that, we substitute equation (9.19) into equations (9.14) to
(9.16) and neglecting terms of the second and higher orders in the perturbations, we
obtain the corresponding linearized equations involving only the z−components of
the velocity, micro-rotation and temperature denoted by Θ, W , and G, respectively,
we obtained

(1 +N1)
(
D2 − a2

)2
W +N1

(
D2 − a2

)
G−Ra2Θ = 0, (9.20)

N3

(
D2 − a2

)
G− 2N1G−N1

(
D2 − a2

)
W = 0, (9.21)(

D2 − a2
)

Θ + f(z) (W −N5G) = 0, (9.22)
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where = d
dz . Eqs. (9.20) to (9.22) are solved subject to the appropriate boundary

combinations as described in Table 9.2.

Table 9.2: Different Boundary combination for Rayleigh-Benard Convection

Case Boundary Combination Boundary condition

1 Lower free isothermal and upper W = d2W
dz2

= θ = G = 0

free isothermal, no spin (FIFI) W = d2W
dz2

= θ = G = 0

2 Lower free isothermal and upper W = d2W
dz2

= θ = G = 0

free adiabatic, no spin (FIFA) W = d2W
dz2

= Dθ = G = 0

3 Lower free isothermal and upper W = d2W
dz2

= θ = G = 0

rigid adiabatic, no spin (FIRA) W = dW
dz = Dθ = G = 0

4 Lower rigid isothermal and upper W = dW
dz = θ = G = 0

free isothermal, no spin (RIFI) W = d2W
dz2

= θ = G = 0

5 Lower rigid isothermal and upper W = dW
dz = θ = G = 0

free adiabatic, no spin (RIFA) W = dW
dz = Dθ = G = 0

6 Lower rigid isothermal and upper W = dW
dz = θ = G = 0

rigid adiabatic, no spin (RIRA) W = dW
dz = Dθ = G = 0

To find the critical eigenvalue, we apply the Galerkin technique method. The
variables are written in a series of basis function as

W (z) =

n∑
i=1

AiWi(z), Θ(z) =

n∑
i=1

BiΘi(z), and G(z) =

n∑
i=1

CiGi(z), (9.23)

where the trial function will be chosen respective to the boundary. The single
term Galerkin expansion technique is used to find the critical eigenvalue. Substitute
equation (9.23) into equations (9.20) to (9.22) and multiply equation (9.20) byWj(z),
equation (9.21) by Gj(z), equation (9.22) by Θj(z), perform integration by part with
respect to z between z = 0 and 1, using the boundary conditions in Table 9.2 and
trial functions as shown in Table 9.3, we obtain the following expression for Rayleigh
number, R:

R =
P
{
A
〈
WB2W

〉 [
N3C − 2N1

〈
G2
〉]

+DN2
1C
}

α2 〈ΘW 〉 {N1N5F 〈f(z)ΘG〉 − (N3C + 2N1 〈G2〉) 〈f(z)ΘW 〉}
(9.24)

where

A = (1 +N1) , B =
(
D2 − α2

)
, C =

〈
G
(
D2 − α2

)
G
〉
, D = W

(
D2 − α2

)
W,

E =
〈
W
(
D2 − α2

)
G
〉
, F =

〈
G
(
D2 − α2

)
W
〉
, P =

〈
Θ
(
D2 − α2

)
Θ
〉
.

The angle bracket 〈. . .〉 indicates the integration by parts with respect to z from 0
to 1, as for an example 〈Θ,W 〉 =

∫ 1
0 Θ(z)W (z)dz.

The trial functions which satisfy the combination of boundary conditions in Table
9.2 are shown in Table 9.3.
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Table 9.3: Different Boundary combination for Rayleigh-Benard Convection

Boundary Combination
Case (lower and upper surface) Trial Function

1 FIFI W1 = Z4 − 2Z3 + Z, Θ1 = Z2 − 2Z,
G1 = Z (1− Z)

2 FIFA W1 = Z3 − Z, Θ1 = Z2 − 2Z,
G1 = Z (1− Z)

3 FIRA W1 = Z4 − 2Z3 + 2Z, Θ1 = Z2 − 2Z,
G1 = Z (1− Z)

4 RIFI W1 = 2Z4 − 5Z3 + 3Z2, Θ1 = Z2 − Z,
G1 = Z (1− Z)

5 RIFA W1 = 2Z4 − 5Z3 + 3Z2, Θ1 = Z2 − 2Z,
G1 = Z (1− Z)

6 RIRA W1 = Z4 − 2Z3 + Z2, Θ1 = Z2 − 2Z,
G1 = Z (1− Z)

9.3 Results and Discussion

Numerical results in order to analyse the effect of basic temperature profile on the
onset of Rayleigh-Benard convection will be discussed in detail. The value of crit-
ical Rayleigh number depends on the boundaries and its boundary combination as
described in Table 9.2. To validate the analytical solution used, the comparison
have been made with Siddeshwar and Pranesh [10] in the case of linear temperature
gradient, f(z) = 1 for free-free isothermal boundaries as shown in Table 9.4.

Table 9.4: Critical Rayleigh number Rc for uniform temperature gradient.

Rc
N1 Siddeshwar and Pranesh [10] Present results

0.5 2700.05 2700.142
1.0 − 4743.604
1.5 − 8466.876
2 − 16978.105

We note that there is a close agreement between the results of present analysis
and those obtained by Siddeshwar and Pranesh [10]. So, we can point out that the
present study yields sufficiently accurate results. Table 9.4 also shows that as N1

increases, the critical Rayleigh number Rc increases and it indicates the increase in
the concentration of the microelements.

Fig. 17.1 is the plots of critical Rayleigh number, Rc as a function of coupling
parameter N1 for FIFI, FIFA, and FIRA boundaries, respectively and with two
different cubic and a linear temperature gradients. As we can see, Rc increases
with N1 clearly. We note that, increasing in N1 designated the increasing in the
concentration of microelements. Increasing the number of microelements withN1,
greater part of the energy is consumed by these elements in evolving the gyrational
velocities of the fluid and as a result onset of convection is delayed. The graphs of Rc
as a function of couple stress parameter N3 for FIFI, FIFA, and FIRA boundaries,
respectively and with two different cubic and linear temperature gradients were
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illustrated in Fig. 17.2. Clearly Rc decreases with increasing N3 and ultimately
levels off to a Newtonian value. We point out that, at only small values of N3 couple
stresses are operative and hence we observe that micro-rotations (small values of
N3) stabilise the system in comparison with the Newtonian value.

Fig. 17.3 is plots of Rc versus the micropolar heat conduction parameter N5, for
FIFI, FIFA, and FIRA boundaries, respectively and with a linear and two different
cubic temperature gradients. From the graph, we can clearly see when N5 increases,
the heat induced into the fluid due to these microelements is also increased, thus
reducing the heat transfer from bottom to the top. We can conclude that decreasing
in heat transfer is responsible for delaying the onset of instability. Thus, increasing
N5 increases Rc.

From Figs. 17.1 to 17.3, we can observe the Cubic 1 is the most stable tem-
perature gradient compare to Cubic 2 and linear. As a results, we find that the
boundaries are:

RFIFA
c > RFIFI

c > RFIRA
c

where the superscripts correspond to the FIFA, FIFI and FIRA velocity bound-
ary combinations respectively. We also show that the critical wave number is not
sensitive to the changes of micropolar parameters.

We also compared Figs. 17.1 to 17.3 with Figs. 17.4 to 17.6 for different boundary
conditions that was (RIFI, RIFA and RIRA). We observe that that the boundaries
are:

RRIRA
c > RRIFI

c > RRIFA
c

where the superscripts correspond to the RIRA, RIFI and RIFA velocity boundary
combinations. We also found that Cubic 1 temperature gradient is more stable than
Cubic 2 and linear temperature gradient.

Figure 9.1: Plot of Rc versus N1 with N3 = 2, N5 = 1 for FIFI, FIFA, and FIRA
boundaries condition for Linear, Cubic 1, and Cubic 2 temperature gradients.
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Figure 9.2: Plot of Rc versus N3 with N1 = 0.5, N5 = 1 for FIFI, FIFA, and FIRA
boundaries condition for Linear, Cubic 1, and Cubic 2 temperature gradients.

Figure 9.3: Plot of Rc versus N5 with N1 = 0.5, N3 = 2 for FIFI, FIFA, and FIRA
boundaries condition for Linear, Cubic 1, and Cubic 2 temperature gradients.
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Figure 9.4: Plot of Rc versus N1 with N3 = 2, N5 = 1 for RIFI, RIFA, and RIRA
boundaries condition for Linear, Cubic 1, and Cubic 2 temperature gradients.

Figure 9.5: Plot of Rc versus N3 with N1 = 0.5, N5 = 1 for RIFI, RIFA, and RIRA
boundaries condition for Linear, Cubic 1, and Cubic 2 temperature gradients.
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Figure 9.6: Plot of Rc versus N5 with N1 = 0.5, N3 = 2 for RIFI, RIFA, and RIRA
boundaries condition for Linear, Cubic 1, and Cubic 2 temperature gradients.

9.4 Conclusion

In this study, we use Single term Galerkin method to obtain the explicit analytical
expression for the Rayleigh number which is use to perform the classical linear sta-
bility of Rayleigh-Bénard convection in horizontal micropolar fluids with cubic tem-
perature profiles. The system is heated from below and various boundary conditions
that are FIFI, FIFA, FIRA, RIFI, RIFA, RIRA horizontal boundaries are consid-
ered. We found the critical values of the Rayleigh number for system with FIRA
horizontal boundaries is the most unstable boundaries combination while RIFA hor-
izontal boundaries combination is the most stable boundaries combination. The
coupling parameter, N1, couple stress parameter, N3, and micropolar heat conduc-
tion, N5, has a significant effect on the onset of the Rayleigh-Benard convection. We
also found that the Cubic 1 temperature profile shows the highest critical Rayleigh
number, while Linear shows the lowest Rayleigh number. Thus, it is proven that
Cubic 1 temperature profile can act as stabilizing system and the increase of the
microelement concentration, N1 and N5 helps in delaying the onset of convection.

Bibliography

[1] Roberts PH (1969) Electrohydrodynamic convection. Quarterly Journal of Me-
chanics and Applied Mathematics 22, 211–220.

[2] Char MI, Chiang KT (1994) Boundary effects on the Benard-Marangoni insta-
bility under an electric field. Applied Scientific Research 52, 331–354.

[3] Idris R, Othman H, Hashim I (2009) On effect of non-uniform basic temperature
gradient on Benard-Marangoni convection in micropolar fluid. International
Communications in Heat and Mass Transfer 36, 255–258.

[4] Mahmud MN, Hashim I, Idris R (2009) Effects of magnetic field and nonlinear
temperature profile on Marangoni convection in micropolar fluid. Differential
Equations and Nonlinear Mechanics ID 748794, 1–11.

91



Seminar on Mathematical Sciences (SOMS) 2019

[5] Idris R, Hashim I (2010) Effects of controller and cubic temperature profile on
onset of Benard-Marangoni convection in ferrofluid. International Communica-
tions in Heat and Mass Transfer 37, 624–628.

[6] Idris R, Hashim I (2011) On the effects of a cubic temperature profile on os-
cillatory Rayleigh-Benard convection in a viscoelastic fluid-filled high-porosity
medium. Journal of Porous Media 14, 437–447.

[7] Tanasawa I (1995) Experimental techniques in natural convection. Experimental
Thermal and Fluid Science 10, 503–518.

[8] Eringen AC (1966) Theory of micropolar fluids. Journal of Mathematics and
Mechanics 16, 1–35.

[9] Siddheshwar PG, Pranesh S (1997) Effect of a non-uniform basic temperature
gradient on Rayleigh-Benard convection in a micropolar fluid. Int. Journal of
Eng. Science 36, 1183–1196.

[10] Siddeshwar PG, Pranesh S (2002) Magnetoconvection in fluids with suspended
particles under 1g and µg. Journal of Magnetism and magnetic materials
219(2), 153–162.

[11] Dupont O, Hennenbergs M, Legrosy JC (1992) Marangoni-Benard instabili-
ties under non-steady conditions. Experimental and theoretical results. Inter-
national Journal Heat Mass Transfer 35, 3237–3244.

[12] Chiang KT (2005) Effect of a non-uniform basic temperature gradient on the
onset of Benard-Marangoni convection: stationary and oscillatory analyses, In-
ternational Communication in Heat and Mass Transfer 32, 192–203.

[13] Chandrasekhar S (1961) Hydrodynamic and Hydromagnetic Stability, Oxford
University Press, Oxford.

92



Chapter 10

Effect of Cubic Temperature Gradient and

Internal Heat Generation on the Onset of

Marangoni Electro Convection with Feedback

Control in a Micropolar Fluid

Nurul Afiqah Mohd Isa1, Siti Suzilliana Putri Mohamed Isa2,*, Norihan Md
Arifin1,3, Norfifah Bachok1,3

1 Department of Mathematics, Faculty of Science, Universiti Putra Malaysia,
43400 UPM Serdang, Selangor, Malaysia.

2 Centre of Foundation Studies for Agricultural Science, Universiti Putra Malaysia,
43400 UPM Serdang, Selangor, Malaysia.

3 Institute for Mathematical Research, Universiti Putra Malaysia, 43400 UPM
Serdang, Selangor, Malaysia.

*Corresponding author: ctsuzilliana@upm.edu.my

Abstract

The linear stability analysis is carried out to investigated the influence of non-
uniform basic temperature gradients in the presences of internal heat generation,
electric field and feedback control on the onset of Marangoni convection in a mi-
cropolar fluid. For an upper free adiabatic and lower rigid isothermal boundaries,
the eigenvalue are obtained. Then, Galerkin method is applied to solved the eigen-
value. The effect of internal heat generation, Q, electric number, L and feedback
control on the onset of Marangoni convection has been figure out. Three non-uniform
basic profiles of the temperature are studied and several general conclusions about
their destabilizing effects are revealed. Different value of internal heat generation, Q
, electric number and feedback control are add together to investigate their existence
either it will delay or enhance the onset of electro convection.

Keywords: Marangoni convection, feedback control, internal heat generation, elec-
tric field, micropolar fluid.

10.1 Introduction

The convective in a thin fluid is occured when the fluid is heated from below. There-
fore, the industrial applications of thin fluid convection can be seen in material pro-
cessing technologies. In addition, Marangoni convection arises due to the various
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rate of surface tension, where this variation is caused by the existence of tempera-
ture distribution. The contribution of Marangoni convection can be observed in the
production of detergents, molten salts and crystal growth. Pearson [1]produced the
first report on Marangoni convection, and followed by the others with the case of
magnetohydrodynamic Marangoni convection: Smith [2], Rudraiah and Ramachan-
ramurthy [3], Wilson [4], Hashim and Arifin [5, 6] and Arifin and Hashim [7].

The influence ofvarious types of temperature gradients (uniform and non-uniform)
on Marangoni convection was studied by Vidal [8], Debler [9], and Nield [10].
Friedrich [11] performed numerical analysis the effect of non-uniform basic tem-
perature gradient on rotating Marangoni convection. Idris et al. [12] considered the
influence of cubic basic state temperature profile on their report. Isa et al. [13] and
Gupta [14] studied on Marangoni convection in a boundary slab of finite conductivity
and relatively hotter or cooler layer of liquid respectively. The magnetohydrodynam-
ics Marangoni convection with non-linear basic temperature gradient was analysed
by Shivakumara [15] and Mahmud [16]. The impact of feedback control on Rayleigh-
Benard-Marangoni convection in dielectric Eringens micropolar fluid was treated by
Azmi and Idris [17], subjected by the existence of non-uniform basic temperature
gradients.

From the previous works, the model of Marangoni electro convection in the
presence of feedback control and internal heat generation in micropolar fluid as
well as the effects of cubic basic temperature gradient is still not being reported.
Therefore, the main objective of this research work is analyse the influence of linear
and two cubic basic temperature gradients on the onset of electro convection with
internal heat generation in the presence of feedback control in a horizontal micropolar
fluid.

10.2 Mathematical Formulation

Let consider the infinite horizontal layer of a Boussinesquian micropolar fluid layer
of depth, d where the fluid is heated from below by internal heat generation with
existence of an electric field. The stability of micropolar fluid at horizontal layer in
the presence of internal heat generation, feedback control, and electric field is anal-
ysed. The electric field towards to z-axis is in uniform state. A cartesian co-ordinate
system (x, y, z) is taken with origin in the lower boundary and z-axis vertically up-
wards. Next, the temperature difference at the boundaries which is the upper and
lower surface denotes as ∆T . The body forces acting on the fluid are electric field,
surface tension, internal heat generation and feedback control. The governing equa-
tions for the Marangoni situation in a micropolar fluid with internal heat generation
are

Continuity equation:

∇ · q = 0, (10.1)

Conservation of linear momentum:

ρ0

[
∂q

∂t
+ (q · ∇)q

]
= −∇p+ (2ζ + η)∇2q + ζ(∇× ω) + (P · ∇)E, (10.2)
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Conservation of angular momentum:

ρ0I

[
∂ω

∂t
+ (q · ∇)ω

]
= (λ′ + η′)∇(∇ · ω) + (η′∇2ω) + ζ(∇× q − 2ω), (10.3)

Conservation of energy:

∂T

∂t
+ (q · ∇)T =

β

ρ0Cv
(∇× ω) · ∇T + χ∇2T + hg, (10.4)

Equation of state:

ρ = ρ0[1− α(T − T0)], (10.5)

Equation of state for dielectric constant:

εr = (1 + χe)− e(T − T0), (10.6)

Faraday’s law:

∇× E = 0,

E = −∇φ, (10.7)

Equation of polarization field:

∇ · (ε0E + P ) = 0,

P = ε0(εr − 1)E, (10.8)

where ~q is the velocity, ρ0 is the density at of the fluid at a reference temperature
T = T0, t is the time, T is the temperature, p is the pressure term, ρ is the density, k̂
is the unit vector in z-direction, g is the acceleration due to gravity, ζ is the coupling
viscosity coefficient, I is the moment of inertia, η is the shear kinematic viscosity
coefficient, ω is the spin, λ′ and η′ are the bulk and shear spin viscosity coefficient, β
is the micropolar heat conduction coefficient, Cv is the specific heat, χ is the thermal
conductivity, α is the coefficient of thermal expansion, χe is the thermal susceptibil-
ity, hg is the overall uniformly distributed volumetric internal heat generation within
micropolar fluid layer, φ is the electrostatic potential, ε0 is electric permeability of
free space, εr is dielectric constant, P is dielectric polarization, E is the electric field.

The basic state of the fluid is quiescent and describe by:

qb = 0, ωb = 0, p = pb(z), ρ = ρb(z), E = Eb(z),

T = Tb(z),
−d
∆T

dTb
dz

= f(z). (10.9)

Here f(z) is shows the non-uniform basic temperature gradient. Linear, cubic 1 and
cubic 2 temperature gradients are considered in this paper as illustrated in Table 1.

Equation (10.1)-(10.8) in the basic state specified by Equation (10.9) will become:

dpb
dz

= Pb
∂Eb
∂z

,

d2Tb
dz2

= −hg
χ
,
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Table 10.1: Reference steady-state temperature gradient

Model
Reference steady-state
temperature gradient

f(z) a∗1 a∗2 a∗3

1 Linear 1 1 0 0
2 Cubic 1 3(z − 1)2 0 0 1
3 Cubic 2 0.6+1.02(z-1)ˆ2 0.6 0 0.34

ρb = ρ0[1− α(Tb − T0)],

εr = (1 + χe)e(Tb − T0), (10.10)

Eb =

[
(1 + χe)E0

(1 + χe) + e∆T
h z

]
,

Pb = ε0E0(1 + χe)

[
1− 1

(1 + χe) + e∆T
h z

]
.

Consider the basic state be disturbed by an infinitesimal thermal perturbation, then

q = qb + q′, ω = ωb + ω′, p = pb + p′, E = Eb + (E′1 + E′3),

ρ = ρb + ρ′, T = Tb + T ′, P = Pb + (P ′1 + P ′3). (10.11)

The subscript b denotes as basic state value and the primes referring to the quantities
are infinitesimal perturbations. From Equations (10.8), on linearization yields

P ′i = ε0χeE
′
i for i = 1, 2

P ′3 = ε0χeE
′
3 − eε0E0T

′ (10.12)

The second equation of Equation (10.7) can be written as E = −∇φ′, where φ′

is the perturbed electric scalar potential. Acquainting the electric potential φ′ and
substituting Equation (10.11) into Equation (10.1)-(10.8) by using Equation (10.10).
Then, the equation reduce in the form:

∇ · q′ = 0, (10.13)

ρ0

[
∂q′

∂t

]
= −∇p+ (2ζ + η)∇2q′ + ζ(∇× ω′) + (Pb · ∇)E′ + (P ′ · ∇)Eb, (10.14)

ρ0I
[
∂ω′

∂t

]
= (λ′ + η′)∇(∇ · ω′) + (η′∇2ω′) + ζ(∇× q′ − 2ω′), (10.15)

−W ∆T
d f(z) = β

ρ0Cv

[
∇× ω′ ·

(
−∆T

d f(z)k̂
)]
· ∇T + χ∇2T ′ +

(
zhg
χ −

dhg
2χ + ∆T

d

)
W, (10.16)

ρ′ = −αρ0T
′, (10.17)

ε′ = −ε0eT
′, (10.18)

∇ · (ε0E
′ + P ′) = 0. (10.19)

Next, using Equation (10.17) in Equation (10.14), operating curl twice on the re-
sulting equation, operating curl on Equation (10.15), using Equation (10.12) on
Equation (10.19). The perturbation Equation (10.13)-(10.16) are non dimension-
alised using the following definition:
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(x∗, y∗, z∗) =
(x, y, z)

d
, W ∗ =

W ′

(χ/d)
, ω∗ =

ω′

(χ/d2)
, t∗ =

t

(d2/χ)
,

T ∗ =
T ′

∆T
, φ∗ =

φ′

(eE0∆Td/1 + χe)
, Ω∗ =

∇× w
(χ/d3)

. (10.20)

We get,

(1 +N1)∇4W +N1∇2Ωz + L∇2
1Tf(z)− L ∂

∂z
(∇2

1φ)f(z) = 0, (10.21)

N3∇2Ωz −N1∇2W − 2N1Ωz = 0, (10.22)

∇2T + [1−Q(1− 2z)]Wf(z)−N5Ωzf(z) = 0, (10.23)

∇2φ− ∂T

∂z
= 0, (10.24)

where the asterisks have been dropped for simplicity. Here, the non-dimensional
parameters N1, N3, N5, L and Q are defined as

N1 =
ζ

ζ + η
(Coupling Parameter),

N3 =
η

(ζ + η)d2
(Couple Stress Parameter),

N5 =
β

ρ0Cvd2
(Micropolar Heat Conduction Parameter),

L =
ε0e

2E2
0∆Td2

(1 + χe)(ζ + η)χ
(Electric number),

Q =
hgd

2

2χ∇T
(Heat source strength).

Next, the perturbation quantities are

(W,Ωz, T, φ) = [W (z), G(z), T (z), φ(z)]exp[i(lxx+myy)], (10.25)

where W (z), G(z), T (z) and φ(z) are amplitudes of the perturbation of vertical ve-
locity, spin, temperature and electrostatic potential. l and m are the horizontal
component of the wave number a.

Substituting Equation (10.25) into Equation (10.21)-(10.24), we get

(1 +N1)(D2 − a2)2W +N1(D2 − a2)G− La2Tf(z) + La2Dφf(z) = 0, (10.26)

N3(D2 − a2)G−N1(D2 − a2)W − 2N1G = 0, (10.27)

(D2 − a2)T + [1−Q(1− 2z)]Wf(z)−N5Ωzf(z) = 0, (10.28)

(D2 − a2)φ−DT = 0, (10.29)

where D = d
dz . According to Bau [19] in their proportional feedback control strategy,

in order to let the sensor to locate any undesirable disturbances, several types of indi-
vidually controlled actuators equipped positioned directly beneath it. q(t) known as
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the determination of a control can be accomplished using the proportional-integral-
differential (PID) controller of the form

q(t) = r +K[e(t)] where e(t) = m̂(t) +m(t), (10.30)

where e(t) is an error or deviation from the measurement, r is the calibration of the
control,, m(t), K = Kp +KDd/dt+Kl

∫ t
0 dt with Kp is the proportional gain, m̂(t)

from some desired or reference value, KD is the differential gain and Kl is the integral
gain. Refer to Bau [19], the actuator modifies the heated surface temperature using
a proportional relationship between the upper, z = 1 and the lower, z = 0 thermal
boundaries for perturbation field for one sensor plane and proportional feedback
control

T ′(x, y, 0, t) = −KT ′(x, y, 1, t), (10.31)

where T ′ indicates the deviation of the fluid’s temperature from its conductive state
and the scalar controller gain in terms of K will be used to control our system.

Equation (10.26)-(10.29) are solved subject to the following boundary conditions:

W = DW = T = G = T (0) +KT (1) = 0, at z = 0, (10.32)

W = D2W + a2MT = DT = G = 0, at z = 1, (10.33)

The single term Galerkin expansion technique is used to find the critical eigenvalue.
Multiply Equation (10.26) by W , Equation (10.27) by G, Equation (10.28) by T , and
Equation (10.29) by φ respectively. The resulting equations is solved by integration
by parts with respect to z between z = 0 and z = 1. Then, by applying the boundary
condition in Equation (10.32)-(10.33) and the trial function where W = AW1, G =
BG1, T = CT1 and φ = φ1, reduce to Marangoni number M :

M =
La2C3C4 − C2[< T1(D2 − a2)T1 > +KT (1)]

(1 +N1)a2T (1)DW (1)C3
, (10.34)

where

C1 = N3〈G1(D2 − a2)G1〉 − 2N1〈G2
1〉,

C2 = (1 +N1)〈W1(D2 − a2)2W1〉C1 +N2
1 〈G1(D2 − a2)W1〉〈W1(D2 − a2)G1〉,

C3 = N1N5〈G1(D
2 − a2)W1〉〈T1G1f(z)〉 −Q〈T1W1f(z)〉C1,

C4 = 〈W1T1f(z)〉 − 〈W1Dφ1f(z)〉〈φ1DT1〉
〈φ1(D2 − a2)φ1〉

.

In the equation (10.34), 〈...〉 denotes the integration by parts with respect to z be-
tween z = 0 and z = 1.

We choose the trial functions for lower rigid isothermal and upper free adiabatic.
The trial functions that satisfying boundary condition are:

W1 = Z4 − 5
2Z

3 + 3
2Z

2, T1 = Z(Z − 2), G1 = Z(1− Z), φ1 = Z2(3− 2Z), (10.35)

Such that they all satisfy the boundary conditions in (10.31) and (10.32). But,
D2W + a2MT = 0 at z = 1 is the only one not satisfy the boundary conditions.

98



Seminar on Mathematical Sciences (SOMS) 2019

However, the residual from this is included in the residual from the differential
equations.

10.3 Results and Discussion

This study set out to determine the effects of cubic basic temperature gradient on the
onset of Marangoni electro convection with the presence of internal heat generation
and feedback control in a micropolar fluid. One uniform (Linear) and two non-
uniform (Cubic 1 and Cubic 2) temperature gradient are considered in this paper.
We choose upper free adiabatic and lower rigid isothermal surface boundaries in this
work. First, we consider the results of non-uniform temperature gradient without
the effect of feedback control, internal heat generation and Rayleigh Benard number
(Q = 0,K = 0, R = 0). The results of comparison between the present results
and Mokhtar et al. [18] are shown in Table 1. The table provides the comparison
of the critical value of Marangoni number, Mc with various N1 and internal heat
generation, Q for linear temperature gradient cases when, N3 = 2, N5 = 1 and L = 0
in a micropolar fluid layer. In this table, we compared our result with Mokhtar et
al. [18] for K = 0, R = 0 and the present study for Q = 0, thus the findings are
in good agreement. We continue our finding by substituting Q = 2, 4, 6 and our
finding revealed that for all N1 values considered, the critical number of Marangoni
decreases when we increase the value of Q. Thus, the results reveal the onset of
Marangoni convection will destabilize the system if and only if the Q increase in
micropolar fluid by the presence of electric field.

The variation of critical Marangoni number Mc againts the coupling parameter
N1 for lower rigid isothermal and upper free adiabatic boundaries for L = 100,
Q = 2, 4, K = 0, 2, 4 and for three types of different non-uniform basic temperature
gradients (linear, cubic 1, cubic 2) are shown in Figure 10.1 to 10.3. In these figures
shown that increasing N1 has the effect of increment in critical marangoni number.
Hence, we can conclude that the onset of convection is delayed.

Table 10.2: Comparison of critical Marangoni number when N3 = 2,
N5 = 1 and L = 0 .

N1

Mc

Mokhtar et. al.
[18]

Present Study

K = 0, R = 0 Q = 0 Q = 2 Q = 4 Q = 6

0.5 98.573 98.573 54.146 37.325 28.478
1.0 - 129.884 62.337 41.009 30.555
1.5 - 185.464 72.718 45.215 32.807
2.0 - 309.917 86.299 50.078 35.266

Moreover, the onset of convection will be also delayed when the internal heat
generation value increase as critical marangoni number decrease. This mean, the
internal heat generation can control the stabilization in the system. As we can see,
the system be more stable if only if the feedback control value is increasing. We
also observed that the increasing of internal heat generation and electric number,
the number of critical marangoni will decrease. Then, as a results electric number
will destabilizes the system. Besides that, from the graph we can see that Cubic 1
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temperature gradient with a∗1 = 0, a∗2 = 0, a∗3 = 1 is the most stable among linear
and cubic 2 temperature gradients. Thus, we find that,

ML < MC2 < MC1

Figure 10.4 to 10.6 are the illustrations of the critical Marangoni number againts
couple stress parameter N3 for lower rigid isothermal and upper free adiabatic
boundaries for certain values of electric number L = 100, internal heat generation,
Q = 2, 4, feedback control, K = 0, 2, 4, and for different types of non-uniform basic
temperature gradients (linear, cubic 1, cubic 2). We note that couple stress in the
conservation of angular momentum equation played a role by the shear stress in the
same equation. From our observation, we can see that the value of N3 increase will
decrease the value of critical marangoni number, Mc. Thus from this incident, the
couple stress of the fluid will decrease and affected the decreasing in micro-rotation
hence it will make the system becomes unstable. The internal heat generation will
delay the onset of convection and control the stability of the system because when
the values of internal heat generation increase as critical marangoni number decrease.
Meanwhile, the increasing value of feedback control will make the system becomes
more stable. But the internal heat generation and electric number have the same
effect as the previous study that was increasing in both parameters will decrease the
critical marangoni number thus it will destabilize the system. Then, from the graph
we can conclude that linear temperature gradient with a∗1 = 1, a∗2 = 0, a∗3 = 0 is the
most destabilizing temperature gradients compared to cubic 1 and cubic 2.

The plots of critical Marangoni number againts couple stress parameter N5 for
lower rigid isothermal and upper free adiabatic boundaries for certain values of elec-
tric number L = 100, internal heat generation, Q = 2, 4 with feedback control,
K = 0, 2, 4, and for different types of non-uniform basic temperature gradients (lin-
ear, cubic 1, cubic 2) is shown in figure 10.7 to 10.9. We noted that N5 indicates
the micropolar heat conduction parameter. From the graph, we can observe that
increasing N5 will increase the value of critical marangoni number. This incident can
causes the increasing of the microelements in the system and it also influenced the
increment of heat induced into the fluid. Thus, the heat transfer from bottom to the
upper will reduce and we can conclude the onset of convection will be delayed. The
internal heat generation can act as controller of the stability of the system because
when the values of internal heat generation increase, the critical marangoni number
will decrease. Thus, it will enhance the onset of convection of every temperature
gradient. From the graph, we also find out that the increasing value of feedback
control will make the system becomes more stable. Hence, the presence of feedback
control will enhance the stability of the system. But the presence of internal heat
generation and electric number play role as destabilizing effect on the system be-
cause whenever the value of electric number increase, the critical marangoni number
will decrease. Then, from the graph also we can conclude that linear temperature
gradient with a∗1 = 1, a∗2 = 0, a∗3 = 0 is the most destabilizing temperature gradient
and cubic 1 with a∗1 = 0, a∗2 = 0, a∗3 = 1 is the most stabilizing temperature gradient.
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Figure 10.1: Plot of Mc versus N1 for Q = 2, 4 with N3 = 2,
N5 = 1 for K = 0 and L = 100.

Figure 10.2: Plot of Mc versus N1 for Q = 2, 4 with N3 = 2,
N5 = 1 for K = 2 and L = 100.
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Figure 10.3: Plot of Mc versus N1 for Q = 2, 4 with N3 = 2,
N5 = 1 for K = 4 and L = 100.

Figure 10.4: Plot of Mc versus N3 for Q = 2, 4 with N1 = 0.5,
N5 = 1 for K = 0 and L = 100.
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Figure 10.5: Plot of Mc versus N3 for Q = 2, 4 with N1 = 0.5,
N5 = 1 for K = 2 and L = 100.

Figure 10.6: Plot of Mc versus N3 for Q = 2, 4 with N1 = 0.5,
N5 = 1 for K = 4 and L = 100.
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Figure 10.7: Plot of Mc versus N5 for Q = 2, 4 with N1 = 0.5,
N3 = 2 for K = 0 and L = 100.

Figure 10.8: Plot of Mc versus N5 for Q = 2, 4 with N1 = 0.5,
N3 = 2 for K = 2 and L = 100.
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Figure 10.9: Plot of Mc versus N5 for Q = 2, 4 with N1 = 0.5,
N3 = 2 for K = 4 and L = 100.

10.4 Conclusion

The present study was designed to determine the classical linear stability analysis
to analyse the effect of internal heat generation, and different type of temperature
gradients profiles with the presence of feedback control on the onset of Marangoni
convection in a dielectric micropolar fluid. Our findings prove that the presence of
internal heat generation will helped in enhancing the onset of convection in dielectric
micropolar fluid. The presence of feedback control will enhance the stability of
the system. In addition, Electric number which plays the role as a destabilizing
effect on the system will enhance the onset of thermal convection. Also, The basic
temperature gradients used in the model are linear, Cubic 1 and Cubic 2. As a
result, Cubic 1 is the most stable. Besides, the appropriate temperature gradient for
experimental works in microgravity environment is Cubic 2. Therefore, we concluded
that the internal heat generation with the presence of dielectric field mechanism has
a destabilizing effect on the system.
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Abstract

The characteristics of the fluid flow and heat transfer of magnetohydrodynamic
(MHD) thermosolutal Marangoni convection in the presence of heat and mass gen-
eration or consumption with radiation through permeable surface is studied in this
paper. The basic governing partial differential equations transformed into nonlinear
ordinary differential equation using the similarity transformation and solved numer-
ically. The analysis is done to analyse the effect of radiation and suction/injection
on the flow of the fluid and the features of the problem are generalize in form of
tables and figures. The result obtained are then compared with the previous work
on which dual solutions exist, thus a stability analysis is performed in this present
paper to determine the physical realizable solution of the problems.

Keywords: Radiation; Magnetohydrodynamic; Marangoni; Heat and mass gen-
eration; Stability analysis.

11.1 Introduction

A phenomenon that arise from the flow of the liquids from the area that having
low surface tension to the higher surface tension area is known as Marangoni effect,
a name given after an Italian physicist in nineteenth century, Carlo Marangoni,
1965. The Marangoni effect takes place when there is a gradient of surface tension
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at the interface between two phases – in most situations, a liquid-gas interface. It
is generally controlled by surface tension gradients on which the surface tension
gradients that are responsible for the Marangoni convection can be due to gradients
of temperature and/or concentration [1]. The very first work in Marangoni boundary
layer was believed to be done by Napolitano [2] and the elementary mechanism of
Marangoni convection can also be seen from Gelles [3] and Okano et al. [4]. The
further development of theory of Marangoni flow was done by Napolitano [5] and
focused on the study of the main features of the flow regimes. The applications of
Marangoni are widely used in semiconductor processing and drying silicon wafers [6]
and in many other aspects, see Kuroda [7]. Then Napolitano and Golia [8] provide a
brief knowledge about behaviors, structures and properties of Marangoni boundary
layers.

Numerous studied on Marangoni have been widely investigated with many dif-
ferent factors due to its useful contribution in industries. For such, Lichtenbelt et
al. [9] studied the case of Marangoni convection and mass transfer from the liquid to
the gas phase and performed experiment under micro-gravity conditions. Abergel
and Dupaix [10] considered the existence and uniqueness of a stationary interface,
in the neighbourhood of the capillary solution for Marangoni flow. Christopher and
Wang [11] investigate the effect of Prandtl number on the flow and heat transfer
characteristics of Marangoni convection over a flat surface. Arifin et al. [12] studied
a case of non-isobaric Marangoni boundary layer flow for nanofluids in the present
of Prandtl number, nanoparticle volume fraction and the exponent parameter. Fol-
lowing after, copious research related to Marangoni has been done by researchers
such as Zhang and Zheng [13], Sastry [6], Aly and Ebaid [14], etc.

Radiation is a transmission of energy by electromagnetic waves. With the abil-
ity of no medium needed for the radiant interchange to occur between two locations
makes the radiation as a significant mode of heat transfer. Due to this interest, a
noticeable growth of research activity in various aspects related to radiation being
investigated. Radiation has important applications in wide range of area such as
in diagnosis and therapy, medical studies and research and agriculture and environ-
ment, Hurst and Turner [15]. Chamkha et al. [16] studied a problem of laminar free
convection flow past a semi-infinite vertical plate in the presence of chemical species
concentration and thermal radiation. Mat et al. [17] studied the effect of radiation
on the Marangoni convection boundary layer flow together with suction/ injection
effect. They stated that radiation descend the heat transfer rate at the surface.
Yanhai et al. [18] examined the effect of radiation on the steady Marangoni convec-
tion flow driven by a power-law temperature gradient in non-Newtonian nanofluids
containing different types of nanoparticles. Other Research related to radiation can
be found in work done by Cess [19], Liu et al. [20], Saravanan and Sivaraj [21], etc.

Magnetohydrodynamic is the study of the feature of magnetic in the electrically
conducting fluid such as liquid metals and plasmas. The beginning creation on the
field of MHD about the basic properties and work related to it was proposed by
Alfvén [22]. MHD can control the quality of the product demand in industrial ap-
plications due to its feature that it can control the rate of cooling. Thus, it has
a main role basically in industrial and technologies applications. Furthermore, in
general magnetic field can degrade the fluid velocity, heat transfer rate and surface
concentration gradient. Maekawa and Tanasawa [23] studied theoretically about
Marangoni convection in an electrically conducting liquid for the effect of mag-
netic field and Biot number on both the critical Marangoni number. Zhang and
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Zheng [24] investigated the effects of uniform magnetic field, heat generation and
first-order chemical reaction on the flow, heat and mass transfer of thermosolutal
Marangoni convection. Mahdy and Ahmed [25] investigate the influence of magneto-
hydrodynamic and Soret and Dufour effects on thermosolutal Marangoni convection
and they found that as the number of magnetic parameter increase, the temperature
and concentration species increase while the velocity features in decreases. More re-
search about MHD can be seen from Katagiri [26], Andersson et al. [27], Mahapatra
and Gupta [28], Aly and Ebaid (2015), etc.

Fluid heat generation or absorption effects are significant in those applications
that involve heat removal from nuclear fuel debris, underground disposal of ra-
dioactive waste material and dissociating fluids in packed-bed reactors, Magyari
and Chamkha [29]. It plays an important role in altering the heat transfer char-
acteristics. The study of temperature-dependent heat generation or absorption on
heat transfer in different geometries was done by Vajravelu and Hadjinicolaou [30].
Chamkha et al. [31] studied the mass and heat transfer characteristics of a bound-
ary layer free convection of a non-Newtonian fluid on a vertical isothermal flat plate
embedded in a fluid saturated porous medium in the presence of thermophoretic
particle deposition and heat generation or absorption effects. They stated that in
the result, as the heat generation or absorption coefficient increases the particle con-
centration level and the boundary layer thickness decreased. Zhang and Zheng [24]
investigate the effect of heat generation on the temperature of the thermosolutal
Marangoni convection and the result indicated that the temperature decrease with
the increasing of heat generation. Chemical reaction in general depends on several
factors. The first-order reaction is one of the simplest chemical reactions at which
the rate of reaction is directly proportional to the species concentration. Anjali Devi
and Kandasamy [32] investigated the influence of chemical reaction, heat and mass
transfer on MHD laminar boundary layer flow with suction or injection effect. Reddy
et al. [33] investigated the impact of magnetic field, radiation, rotation, chemical re-
action and volume friction of the two type nanoparticles on the flow of the nanofluid
past a flat permeable surface in porous medium. The chemical reaction as stated by
them tends to decrease the concentration profile.

One of the applications of suction or injection is in the field of aerodynamic and
space sciences. It can control the fluid flow on the surface of subsonic craft which
can be benefit properties for the other important aspects such as fuel saving and
operating costs, see Shojaefard et al. [34] and Braslow [35]. Research related to suc-
tion/injection has been done for example by Hamid et al. [36] on which they studied
the effect of suction/injection on the case flow of thermosolutal Marangoni forced
convection boundary layer and examine the existence of dual similarity solutions.
They stated that the implication of suction/injection thus affect the flow, mass and
heat transfer characteristics of the fluid where both of them shows an opposite effect
to one another. While Aly and Ebaid [14] performed an exact analysis on the effect
of suction/injection on the MHD Marangoni boundary layer in nanofluid with the
presence of radiation. In general, suction tends to increase the skin friction and heat
transfer coefficient while the injection shows an opposite result from suction [37].
Other research related to suction/injection can be seen from Black and Sarnecki [38],
Pop and Watanabe [39], Attia [40], Ajibade et al. [41], etc.

The study of stability analysis is important particularly in fluid dynamics due to
its significant way of finding which solution is stable whenever non-unique solutions
exist in computation. This generally has attracted a new triggered in research
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especially researchers who have locate multiple solutions in their computations. A
solution that is not stable is when the eigenvalue of the solutions is negative as
mentioned by Merkin [53]. Then Weidman et al. [38] rectified the stability by [53]
and since then many researchers apply the Weidmen et al. [38] stability analysis
to analyze the stability of their own research. One of the researches related to
stability analysis can be seen from Mahapatra and Nandy [42] who inquire the
conditions of existence and uniqueness of the similarity solution where dual solutions
exist and linear stability analysis reveals that one solution is linearly stable while
the other is linearly unstable. A stability analysis on the flow and heat transfer
characteristics over a permeable shrinking sheet is done by Ishak [45] and the result
obtained indicated that the first solution is physically realizable while the other one
is not stable. Very recently, Hamid and Nazar [46] investigate the physical realizable
solution of MHD thermosolutal Marangoni convection boundary layer flow and it
is found that the first solution is stable and the second solution is not physically
realizable. Generally it can be stated that, the first solution basically stable while
the second one is not stable, thus not physically realizable. Other research related
to the stability analysis can be seen from Mahapatra et al. [47], Noor [48], Rahman
et al. [49], etc.

The present work considers the MHD thermosolutal Marangoni convective flow
with the existence of heat generation or absorption effects. The analysis assumes
that the surface is permeable and the work is done to analyse the effect of radia-
tion on heat transfer characteristics of the fluid flow. By extending the previous
work by Magyari and Chamkha [50], on which stated that dual solutions exist, a
stability analysis is done in this paper to determine the stability of the solutions
exists. The result obtained was then compared with the previous work by Mudhaf
and Chamkha [51] and it is found to be in good agreement. Nonlinear ordinary dif-
ferential equations are obtained by using similarity transformation from the general
governing partial differential equations. The problems were then solved numerically
by using Runge-Kutta-Fehlberg method (Maple 18) and shooting technique (Matlab
R2014a).

11.2 Problem Formulation

The present work considers the steady laminar thermosolutal Marangoni flow of a
viscous Newtonian fluid over a flat surface due to imposed temperature and concen-
tration gradients. The surface tension varies linearly with temperature and concen-
tration and the wall temperature and concentration variations are quadratic func-
tions of the location is assumed in this analysis. The heat and mass generation or
consumption and first order chemical are considered to exist within a uniform elec-
trically conducting fluid in the direction normal to the surface through a permeable
surface. By extending the previous work by Mudhaf and Chamkha [51], the effect of
radiation under the influence of suction/injection cases on the heat transfer of the
fluid is studied and a stability analysis is performed to analyse the stability of dual
solutions exist stated on work done by Magyari and Chamkha [50]. Under these
assumptions, the governing equations can be written in the following form based on
the balance laws of mass, linear momentum, energy and concentration species,

∂u

∂x
+
∂v

∂y
= 0, (11.1)
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u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
− ∆B2

0

ρ
u, (11.2)

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂y2
− 1

ρCp

∂qr
∂y

+
Q0

ρCp
(T − T∞) , (11.3)

u
∂c

∂x
+ v

∂c

∂y
= D

∂2c

∂y2
−R (c− c∞) , (11.4)

with the boundary conditions,

µ
∂u

∂y

∣∣∣∣
y=0

= −∂σ
∂x

∣∣∣∣
y=0

= σ0

(
γT
∂T

∂x

∣∣∣∣
y=0

+ γc
∂c

∂x

∣∣∣∣
y=0

)
,

v (x, 0) = v0, T (x, 0) = T∞ + T0X
2, c (x, 0) = c∞ + c0X

2, X = x/L,

u (x,∞) = 0, T (x,∞) = 0, c (x,∞) = 0.

(11.5)

Here, u and v denoted as the the velocity components along the x and y axes.
Where ν, B0, ρ, T , α, Cp, qr, Q0, c, D and R are denoted as the kinematic viscosity,
magnetic induction, density, thermal quantity, thermal diffusivity, specific heat at
constant pressure, radiative heat flux, dimensional heat generation or absorption co-
efficients, concentration species, mass diffusivity and dimensional chemical reaction
parameter, respectively. While, µ, σ, v0 and L referred as dynamic viscosity, surface
tension, dimensional suction or injection velocity and reference length.

The surface tension is assumed to depend on temperature and concentration lin-
early,

σ = σ0 [1− γT (T − T∞)− γc (c− c∞)] , (11.6)

where

γT = − 1

σ0

∂σ

∂T

∣∣∣∣
c

, γc = − 1

σ0

∂σ

∂c

∣∣∣∣
T

, (11.7)

indicated as the temperature and concentration coefficients of the surface tension,
respectively.

The stream function ψ(x, y) by the usual definition is u = ∂ψ
∂y and v = −∂ψ

∂x as
well as the similarity transformations,

(x, y) = νXf (η) , η = y/L,

T (x, y) = T∞ + T0X
2θ (η) , c (x, y) = c∞ + C0X

2C (η) .
(11.8)

Using (11.8), the boundary value problem of Eqs. (11.1) to (11.7), reduces to the
solution of the ordinary differential equations,

f ′′′ + ff ′′ − f ′2 = 0, (11.9)

θ′′

Pr
+ fθ′ +

(
φ− 2f ′

)
θ = 0, (11.10)

C ′′

Sc
+ fC ′ +

(
K + 2f ′

)
C = 0, (11.11)

along with the boundary conditions

f (0) = f0, f
′′(0) = −2 (1 + r) , θ (0) = 1, C (0) = 1,

f ′ (∞) = 0, θ (∞) = 0, C (∞) = 0.
(11.12)
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The Prandtl and the Schmidt numbers denoted as Pr = ν
α and Sc = ν

D , respectively,
where φ, K, f0 and r are further dimensionless parameters defined as follows,

φ =
Q0L

2

ρvcp
, K =

RL2

v
, f0 = f (0) = −v0L

ν
, r = −C0γc

T0γT
. (11.13)

The reference length L has been chosen as,

L = − µν

σ0T0γT
. (11.14)

Having in view that with increasing temperature the surface tension σ in general
decreases, its temperature gradient γT given by Eq. (11.7) is positive. Thus, the
reference length chosen according to Eq. (11.14) is positive only if T0 is negative. We
also mention that the parameter r represents precisely the ratio of the solutal and
thermal Marangoni numbers Mac = σ0γcC0L/ (αµ) and MaT = σ0γTT0L/ (αµ),
respectively. Eqs. (11.9) to (11.12) show that the f−boundary value problem is
decoupled from the temperature and concentration boundary value problems. Its
solution f = f(η) yields the dimensional velocity field in the form

u (x, y) =
ν

L
Xf ′ (η) , v (x, y) = − ν

L
f (η) , (11.15)

The local mass flow in the boundary layer per unit span is given by:

ṁ =

∞∫
0

u dy = ρν [f (∞)− f0]X (11.16)

where f(∞) represents the similar entrainment velocity, f (∞) = − (L/ν) v (x,∞).
In this way we obtain

ṁ = ρx [v (x, 0)− v (x,∞)] . (11.17)

The boundary value problem, Eqs. (11.9) to (11.12) has been investigated numeri-
cally for different values of the parameters involved by Mudhaf and Chamkha [51].
An approximate analytical solution has also been given in Mudhaf and Chamkha
[51].

11.3 Stability Analysis

The stability analysis done in this paper is based on the stability analysis developed
by Weidman et al. [38]. By referring to them, a variable τ has to be introduced.
The unsteady form of Eqs (11.2) to (11.12) is considered as:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
− ∆B2

0

ρ
u, (11.18)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂y2
− 1

ρCp

∂qr
∂y

+
Q0

ρCp
(T − T∞) , (11.19)

∂c

∂t
+ u

∂c

∂x
+ v

∂c

∂y
= D

∂2c

∂y2
−R (c− c∞) , (11.20)

with the new similarity transformations,

u =
v

L2
x
∂f (η, τ)

∂η
, v = − v

L
f (η, τ) , τ =

v

L2
t, η =

y

L
,

T (x, y) = T∞ + T0X
2θ (η) , c (x, y) = c∞ + C0X

2C (η) .

(11.21)
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We substitute (11.21) into (11.22) to (11.24) and obtain the following equations:

∂3f

∂η3
+ f

∂2f

∂η2
−
(
∂f

∂η

)2

−M2∂f

∂η
− ∂2f

∂η∂τ
= 0, (11.22)

1

Pr
(1 +Nr)

∂2θ

∂η2
+ f

∂θ

∂η
+

(
φ− 2

∂f

∂η

)
θ − ∂θ

∂τ
= 0, (11.23)

1

Sc

∂2C

∂η2
+ f

∂C

∂η
−
(
K − 2

∂f

∂η

)
C − ∂C

∂τ
= 0, (11.24)

with the boundary conditions,

f (0, τ) = f0,
∂2f

∂η2
(0, τ) = −2 (1 + r) , θ (0, τ) = 1, C (0, τ) = 1,

∂f

∂η
(η, τ) = 0, θ (∞, τ) = 0, C (∞, τ) = 0.

(11.25)

To test the stability of the solution f(η) = f0(η), (η) =0 (η) and C(η) = C0(η)
satisfying the boundary value problem (11.1) to (11.5), we write (see Weidman et
al. [38]),

f (η, τ) = f0 (η) + e−γτF (η, τ) , θ (η, τ) = θ0 (η) + e−γτG (η, τ) ,

C (η, τ) = C0 (η) + e−γτH (η, τ) ,
(11.26)

where γ is an unknown eigenvalue parameter and F (η, τ), G(η, τ), and H(η, τ) are
small relative to f0(η), 0(η) and C0(η).

By substituting Eq. (11.26) into (11.22)-(11.24), we get the following:

∂3F

∂η3
+ f0

∂2F

∂η2
+ f ′′0F − 2f ′0

∂F

∂η
− ∂2F

∂η∂τ
−M2∂F

∂η
+ γ

∂F

∂η
= 0, (11.27)

1

Pr
(1 +Nr)

∂2G

∂η2
+ f0

∂G

∂η
+ θ′0F + φG− 2f ′0G− 2θ0

∂F

∂η
+ γG = 0, (11.28)

1

Sc

∂2H

∂η2
+ f0

∂H

∂η
+ C ′0F −KH + 2f ′0H + 2C0

∂F

∂η
+ γH = 0, (11.29)

with the boundary conditions,

F (0, τ) = 0,
∂2F (0, τ)

∂η2
= 0, G (0, τ) = 0, H (0, τ) = 0,

∂F (η, τ)

∂η
→ 0, G (η, τ)→ 0, H (η, τ)→ 0 as η →∞.

(11.30)

We set τ = 0, F = F0(η), G = G0(η) and H = H0(η). Thus we obtained the
following equations:

F ′′′0 + f0F
′′
0 + f ′′0F0 − 2f ′0F

′
0 −M2F ′0 + γF ′0 = 0, (11.31)

1

Pr
(1 +Nr)G′′0 + f0G

′
0 + θ′0F + φG− 2f ′0G− 2θ0F

′
0 + γG = 0, (11.32)

1

Sc
H ′′0 + f0H

′
0 + C ′0F −KH + 2f ′0H + 2C0F

′
0 + γH = 0, (11.33)

with the boundary conditions,

F0 (0) = 0, F ′′0 (0) = 0, G0 (0) = 0, H0 (0) = 0,

F ′0 (η)→ 0, G0 (η)→ 0, H0 (η)→ 0 as η →∞.
(11.34)

114



Seminar on Mathematical Sciences (SOMS) 2019

Table 11.1: Values of f ′(0), θ′(0) and −C ′(0) for different value of Nr when M = 0,
Pr = 0.78, φ = 0, Sc = 0.6, K = 0 and S = 0.

Radiation [51] Present result
Nr g′(0) g′(0)

0 1.442203 1.442067
2 0.684881
4 0.464511
6 0.357348
8 0.294281

The stability of the problem is determined by the smallest eigenvalue γ. The possible
values of γ can be obtained by relaxing a boundary condition on F ′0(η), G0(η) and
H0(η), see Harris et al. [47]. In this problem, we relax the boundary condition
G0(∞)→ 0 and solve the system using the bvp4c function with the new boundary
condition G′0(0) = 1.

11.4 Results and Discussion

In the presence of MHD and heat generation, the effect of radiation on the flow and
heat transfer characteristics of Marangoni boundary layer past a flat surface through
permeable surface has been studied in this paper along with the stability analysis.
Runge-Kutta-Fehlberg (Maple 18) methods and bvp4c solver in Matlab (R2014a)
software were used to solve the nonlinear ordinary differential equations (11.9) to
(11.11) subjects to boundary conditions (11.12) numerically. The results of surface
velocity f ′(η), heat flux −θ′(η) and concentration gradient at the surface −C ′(η)
along with the value of temperature profiles −θ′(0) are obtained with various value
of radiation, Nr and suction/injection, S. By extending the paper of Mudhaf and
Chamkha [51] and referring to the paper of Magyari and Chamkha [50], we also run
a stability analysis based on the dual result obtained by Magyari and Chamkha [50].
The stability analysis is computed using the bvp4c function in Matlab and performed
to determine the physically realizable solution. Table 14.3 represents the result for
the velocity, f ′(0) temperature, −θ′(0) and concentration, −C ′(0) profiles under the
effect of radiation parameter with the fixed value of other parameters. The result
obtained is compared with Mudhaf and Chamkha [51] and it is found to be in a
good agreement. While, Table 11.2 shows the result obtained by stability analysis
of the smallest eigen values γ at several values of thermo-solutal surface tension
ratio, r with the fixed value of magnetic field, M = 0, Prandtl number, Pr = 0.78,
dimensionless heat generation or absorption coefficient, φ = 0, Schmidt number,
Sc = 0.6, dimensionless chemical reaction parameter, K = 0 and suction/injection,
S = 3. The outputs acquired indicate that the eigenvalues of the first solution are
all positive while for the second solution are all negative. On which it resemble that,
according to Merkin [53], a positive eigenvalue referred as stable while the negative
one corresponded to not stable, and thus not physically realizable.

Fig. 17.1 shows the effect of radiation, Nr on the temperature profile, θ(η) of
the fluid. It is worth to mention that the influence of radiation has no effect on the
flow field and the concentration gradient of the fluid as can be seen from the Eqs.
(11.9) and (11.11). From the figure obtained, one can see that the effect of radiation
tends to decrease the dimensional temperature of the fluid. Radiation parameter
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Table 11.2: Smallest eigenvalues γ at several values of r.

r Upper branch Lower branch

−3 1.40306 0.57784
−2.8 1.65496 0.39293
−2.6 1.76601 0.30235
−2.4 1.85907 0.20519
−2.2 1.90109 0.07216
−2.0 1.97854 −0.10890
−1.8 2.04916 −0.15798
−1, 6 2.11452 −0.22760
−1.4 2.29291 −0.26182
−1.2 2.233395 −0.29329

is generally known as the measure of relative importance of the thermal radiation
transfer to the conduction of heat. Due to this fact, as the radiation number in-
creases then more heat being released into the system which helps to enhance the
thermal boundary layer thickness and consequently increase the temperature profiles
of the flow. Thus it can be concluded that temperature is an increasing function of
radiation.

Figure 11.1: The effects of Nr on the θ(η) when Pr = 0.78, Sc = 0.6, M = 0,
K = 0, S = 0, φ = 0 and r = 0.

Fig. 17.2 represents the variations of heat flux or temperature at the surface,
−θ′(0) with radiation, Nr for different types of suction/injection, S parameter when
Prandtl number, Pr = 0.78, Schmidt number, Sc = 0.6, magnetic field, M = 0,
dimensionless chemical reaction parameter, K = 0 dimensionless heat generation or
absorption coefficient, φ = 0 and thermo-solutl surface tension ratio, r = 0. From
the figure, it clearly shows that as the radiation parameter increase the temperature
at the surface decreases. This is coinciding with the value shown in the Table
11.2 where as the number of radiation parameter increase, the value of heat flux
decreases. Radiation reduces the energy transfer rate at the surface, thus it decreases
the temperature of the fluid. Thereby decreases the heat transfer rate at the surface.
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Figure 11.2: The variations of −θ′(0) with Nr for different types of S when Pr =
0.78, Sc = 0.6, M = 0, K = 0, φ = 0 and r = 0.

Figs. 17.3 to 17.5 shows the variations of interface velocity, f ′(0) heat flux,
−θ′(0) and concentration gradients at the surface, −C ′(0) with suction/injection, S
for different types of radiation, Nr. The influence of radiation has no impact on the
interface velocity and surface concentration gradients under the effect of suction/in-
jection parameter. As mention in work by Mudhaf and Chamkha [51], suction tends
to decrease the interface velocity but increasing the surface temperature and con-
centration, while injection show an opposite effect. The result to point out here is
that the temperature will get down under the suction and injection effect with the
increasing of radiation influence compare to non-radiation uses. Thus radiation can
be a helpful factor in reducing the heat within the effect of suction/injection.

Figure 11.3: The variations of f ′(0) with S for different types of Nr when Pr = 0.78,
Sc = 0.6, M = 0, K = 0, φ = 0 and r = 0.
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Figure 11.4: The variations of −θ′(0) with S for different types of Nr when Pr =
0.78, Sc = 0.6, M = 0, K = 0, φ = 0 and r = 0.

Figure 11.5: The variations of −C ′(0) with S for different types of Nr when Pr =
0.78, Sc = 0.6, M = 0, K = 0, φ = 0 and r = 0.

Fig. 17.6 portrayed the values of the surface velocity, f ′(0) when thermo-solutal
surface tension ratio, r is varies with the effect of the suction. Two solutions were
obtained for the same value of r for the range −3 ≤ r < −1. Basically the first
solution has higher value than the second solution. The figure obtained generally
the same figure as Fig. 17.4 obtained by Mudhaf and Chamkha [51]. Hence, we
can prove that our result are the same as Mudhaf and Chamkha [51] and can be
concluding as in good agreement. Fig. 11.7 illustrated the velocity profiles, f ′() for
different r on which to prove that the second solution exist.
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Figure 11.6: The variations of f ′(0) with r for S = 3 when Pr = 0.78, Sc = 0.6,
M = 0, K = 0 and φ = 0.

Figure 11.7: Velocity profiles f ′(η) for different r when S = 3.

11.5 Conclusion

The present paper considers the MHD thermosolutal Marangoni convection with the
presence of heta and mass generation or consumption. The effect of radiation and
suction/injection on the flow, mass and heat transfer characteristics of the viscous
fluid is studied and discussed properly. The nonlinear ordinary differential equations
obtained are solved numerically by using the Runge-Kutta-Fehlberg method and
bvp4c solver in Matlab software. The radiation parameter tends to decreases the
temperature at the surface. Stability analysis is also done in this paper based on
the result achieved by Magyari and Chamkha [50] to determine which solution is
linearly stable and physically realizable. The outputs acquired indicate that the first
solution is stable the second solution are unstable and not physically realizable.
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Abstract

The solution for single, double and triple integrals with variable limits based on
linear Legendre multi-wavelets are proposed. An algorithm with the properties of
linear Legendre multi-wavelets are constructed to find the numerical approximation
for the integrals. The generalized algorithms for solving the integrals are simple and
easy applicable. Some numerical examples for single, double and triple integrals are
given to show the efficiency of the method. Approximation of the integrals by using
linear Legendre multi-wavelets are compared with the existing methods in order to
validate the error estimation.

Keywords: numerical integration , linear Legendre multi-wavelets, Holder class.

12.1 Introduction

Numerical integration has several applications in science and engineering. There
are many engineering problems require the evaluation of the integral such as skin
friction coefficient for the governing boundary layer equations in fluid dynamic. To
determined the probability of electron in a region of space by solving the Schrodinger
equation in quantum mechanics and several other problems. A lot of research have
been done to solve numerical integration problems in terms of quadrature rule such
as Newton-Cotes formulas and Gauss quadrature [1–7]. Regardless of the simplicity
of quadrature rule, there exists a few disadvantages. For example, the Newton-
Cotes formulas cause erratic behavior with high degree polynomial interpolation
when the equally spaced nodes are large. The Gaussian quadrature rule is derived
by method of undetermined coefficients but the resulting equations for the nodes
and weights are nonlinear. This procedure is complicated to find the nodes and
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weights. Other than that, there is limitation with Gaussian quadrature rule method
where the limits of integration need to convert into -1 to 1 ( [7]). To overcome the
disadvantages, a new method based on wavelets approximation is propose to find the
numerical solutions of integrals. There are several types of wavelets have been used
in numerical approximations, for examples, Daubechies’ [8], Chebyshev wavelets [9]
and Haar wavelets [10–13].

According to [11], Haar wavelets are used to solve for single, double and triple
integrals with variable limits. Algorithm based on Haar wavelets have been ob-
tained to approximate the integrals for single, double and triple integrals. Linear
Legendre multi wavelets display similar properties to the Haar wavelets. Due to this
similarities, the linear Legendre multi-wavelets should also be able to solve the multi-
dimensional integral easily [14]. There are numerous research have been done to solve
problems such as integral equations by using linear Legendre multi-wavelets [15,16].

In this work, we deduce generalized solution based on linear Legendre multi-
wavelets. The organization of this paper is as follows. We introduce about linear
Legendre multi-wavelets in section 2, and in section 3 numerical system by linear
Legendre multi-wavelets are shown for single, double and triple integrals with vari-
able limits. Error analysis are describe in section 4 to show the convergence of the
method and numerical results are reported in section 5. Finally further discussion
and conclusion are drawn in section 6 and 7.

12.2 Linear Legendre multi-wavelets (LLMW)

In this paper, we used LLMW to handle with the problems of single, double and
triple integrals with variable limits. Generally, wavelets have been used in various
fields of engineering and science. It consists of two functions which are scaling
function and mother wavelet. To construct the linear Legendre mother wavelets,
we first introduce the scaling functions. There are two scaling functions for linear
Legendre multi-wavelets which are as follows:

φ0(x) = 1, φ1(x) =
√

3(2x− 1), a ≤ x < b.

Figure 12.1: LLMW scaling φ0(x) Figure 12.2: LLMW scaling φ1(x)

Figure 1-2 describe the scaling functions. Now let ψ0(x) and ψ1(x) as the corre-
sponding mother wavelets, then by multiresolution of analysis (MRA) we have

ψ0(x) = a0φ0(2x) + a1φ1(2x) + a2φ0(2x− 1) + a3φ1(2x− 1),

ψ1(x) = b0φ0(2x) + b1φ1(2x) + b2φ0(2x− 1) + b3φ1(2x− 1)

and there are suitable conditions that applied on ψ0(x) and ψ1(x). As a result, the
formulas for linear Legendre mother wavelets are obtained as
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ψ0(x) =


−
√

3(4x− 1),

[
a,
a+ b

2

)
√

3(4x− 3),

[
a+ b

2
, b

) , ψ1(x) =


6x− 1,

[
a,
a+ b

2

)
6x− 5,

[
a+ b

2
, b

) ,

and the diagram are given in Figure 3-4

Figure 12.3: LLMW wavelet ψ0
00(x) Figure 12.4: LLMW wavelet ψ1

00(x)

By translating and dilating the mother wavelets, the linear Legendre multi-wavelets
is constructed as

ψjkn(x) =


2
k
2ψj

(
2k
x− a
b− a

− n
)
, a+ n

(b− a)

2k
≤ x < a+ (n+ 1)

(b− a)

2k
,

0, otherwise,

here k,∈ Z, n = 0, 1, ..., 2k − 1, and j = 0, 1 are defined on the interval [a, b). The
next four functions are drawn in Figure 5-8 to show how luckily the wavelets function
behave after translation and dilation from the mother wavelets.

Figure 12.5: LLMW wavelet ψ0
10(x) Figure 12.6: LLMW wavelet ψ0

11(x)

Figure 12.7: LLMW wavelet ψ1
10(x) Figure 12.8: LLMW wavelet ψ1

11(x)
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Any function f(x) in the interval [a, b) can be written as

f(x) ≈ c0φ0(x) + c1φ1(x) +
M∑
k=0

1∑
j=0

2k−1∑
n=0

cjknψ
j
kn(x) = CTΨ(x), (12.1)

where C and Ψ(x) are

C = [c0, c1, c
0
00, c

1
00, ..., c

0
M0, c

0
M1, ..., c

0
M(2M−1), c

1
M0, c

1
M1..., c

1
M(2M−1)]

T ,

and

Ψ = [φ0, φ1, ψ
0
00, ψ

1
00, ..., ψ

0
M0, ψ

0
M1, ..., ψ

0
M(2M−1), ψ

1
M0, ψ

1
M1..., ψ

1
M(2M−1)]

T .

12.3 Approximation of integrals based on LLMW

In this section, the LLMW functions are consider for solving the double and triple
integrals with variable limits according to [14].

12.3.1 Numerical formula for single integral by LLMW

In [14], numerical integration formula by using LLMW were derived for single, double
and triple integrals with definite limits. In this work, we apply LLMW for double
and triple integrals with variable limits using the similar formula derived for single
integral with definite limits. The following equation is the numerical formula derived
in [14] for single integral with definite limits

∫ b

a
f(x) dx ≈ (b− a)

K

K−1∑
i=0

f

(
a+

(b− a)(i+ 0.5)

K

)
. (12.2)

where K = 2k1+2 and k1 is the level of resolution of the LLMW.

12.3.2 Numerical formula for double integral with variable limits

Consider the double integral with variable limits as follows:∫ d

c

∫ b(y)

a(y)
F (x, y) dxdy.

We apply Eq. (14.2) to the integral∫ b(y)

a(y)
F (x, y) dx.

while variable y is constant. Then, we obtain the following approximations.∫ b(y)

a(y)
F (x, y) dx (12.3)
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=
(b(y)− a(y))

K

K−1∑
i=0

F

(
a(y) +

(b(y)− a(y))(i+ 0.5)

K
, y

)
(12.4)

≈ G(y). (12.5)

Repeat the same process as above by substituting Eq. (14.2) into Eq () to get the
numerical formula for double integral with variable limits∫ d

c

∫ b(y)

a(y)
F (x, y) dx ≈

∫ d

c
G(y) dy (12.6)

≈ (d− c)
L

L−1∑
j=0

F

(
c+

(d− c))(j + 0.5)

L

)
. (12.7)

where L = 2k2+2 and k2 is the level of resolution of the LLMW.

12.3.3 Numerical formula for triple integral with variable limits

By using the same way as previous numerical systems, we obtained the numerical
integration formula for triple integrals with variable limits as below∫ f

e

∫ d(z)

c(z)

∫ b(y,z)

a(y,z)
F (x, y, z) dxdydz ≈ (f − e)

P

P−1∑
l=0

H

(
f +

(f − e))(l + 0.5)

P

)
.

(12.8)
where H(z) and G(y, z) are

H(z) =
(d(z)− c(z))

L

L−1∑
j=0

G

(
c(z) +

(d(z)− c(z)))(j + 0.5)

L
, z

)
.

G(y, z) =
(b(y, z)− a(y, z))

K

K−1∑
i=0

F

(
a(y, z) +

(b(y, z)− a(y, z))(i+ 0.5)

K
, y, z

)
.

In the Eq. (14.7), P = 2k3+2 where k3 is the level of resolution of the LLMW.

12.4 Error Analysis

We continued with the definition of the Holder classes of order Hs[0, 1], 0 < s < 1.
The set of all continuous functions on [0, 1], which satisfies the inequality :

|f(x)− f(y)| ≤ L |x− y|s , L > 0,∀x, y ∈ [0, 1].

Holder classes are medium spaces between C[0, 1] and C1[0, 1] such that:

C1[0, 1] ⊂ Hs[0, 1] ⊂ C[0, 1].

Consider f(x) ∈ Hs[0, 1] , 0 < s < 1, then

‖f − fM‖L2[0,1] ≤
L2

4Ms(4s − 1)

 3

16
+

4s

9

[
8
(

2
3

)s − 3 + 3s

(s+ 2)(s+ 1)

]2
 .
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where

fM (x) = c0φ0(x) + c1φ1(x) +

M−1∑
k=0

1∑
j=0

2k−1∑
n=0

cjknψ
j
kn(x), M ∈ Z+,

refer to [17]. The error bound are inversely proportion to the level of resolution M
of the LLMW and will establish better approximation if increase the value of M .

12.5 Numerical Examples

In this section, we applied LLMW for solving numerical integration problems for dou-
ble and triple integrals. The results will show the efficiency of LLMW by comparing
it with reported in [11]. In [11] Haar wavelets have been applied to approximate
double and triple integrals with variable limits of integration. We solved all of the
examples in [11] using LLMW numerically and compare the numerical results with
Haar wavelets at the same level dilation (Ji is the dilation for Haar and value of ki
is the dilation for LLMW, i = 1, 2, 3) to validate the error estimation.

12.5.1 Test Problems

Table 12.1: Please write your table caption here

Example Problem Exact Solution

1.
∫ 1

0

∫ y
0 e
|x+y−1| dxdy −2 + e

2.
∫ π

4
0

∫ sin y
0

1√
1−x2 dxdy

π2

32

3.
∫ ∫

R(x+ y)−
1
2 dxdy 2

3(2− 7
√

3− 15
√

5 + 20
√

6)

=
∫ 2

1

∫ 1
2

(y+3)

(5−3y) (x+ y)−
1
2dxdy

+
∫ 3

2

∫ 1
2

(y+3)

(y−3) (x+ y)−
1
2dxdy

+
∫ 4

3

∫ (9−2y)
(y−3) (x+ y)−

1
2 dxdy

4.
∫ π

0

∫ z
0

∫ zy
0

1
y sin(xy ) dxdydz 1

2(4 + π2)
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12.5.2 Numerical Results

Table 12.2: Absolute errors of Example 1

Absolute Absolute
LLMW Errors Haar Errors

k1, k2 = 3 1.1857E-04 J1, J2 = 3 4.7400E-04

k1, k2 = 4 2.7875E-05 J1, J2 = 4 9.7811E-05

k1, k2 = 5 6.7701E-06 J1, J2 = 5 2.7875E-05

k1, k2 = 6 1.7065E-06 J1, J2 = 6 6.7700E-06

Table 12.3: Absolute errors of Example 2

Absolute Absolute
LLMW Errors Haar Errors

k1, k2 = 3 6.2347E-06 J1, J2 = 3 2.4839E-05

k1, k2 = 4 1.5604E-06 J1, J2 = 4 6.2348E-06

k1, k2 = 5 3.9030E-07 J1, J2 = 5 1.5601E-06

k1, k2 = 6 9.7300E-08 J1, J2 = 6 3.9030E-07

Table 12.4: Absolute errors of Example 3

Absolute Absolute
LLMW Errors Haar Errors

k1, k2 = 3 1.8930E-04 J1, J2 = 3 7.5503E-04

k1, k2 = 4 4.7363E-05 J1, J2 = 4 1.8930E-04

k1, k2 = 5 1.1852E-05 J1, J2 = 5 4.7365E-05

k1, k2 = 6 3.0528E-06 J1, J2 = 6 1.1855E-05
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Table 12.5: Absolute errors of Example 4

Absolute Absolute
LLMW Errors Haar Errors

k1, k2, k3 = 3 9.0291E-04 J1, J2, J3 = 3 3.5959E-03

k1, k2, k3 = 4 2.2597E-04 J1, J2, J3 = 4 9.0291E-04

k1, k2, k3 = 5 5.6516E-05 J1, J2, J3 = 5 2.2598E-04

k1, k2, k3 = 6 1.4127E-05 J1, J2, J3 = 6 5.6507E-05

12.6 Discussion

All the test problems in this work are from [11]. [11] approximate the double and
triple integrals by using Haar wavelets hi(x) where i = 1, 2...., 2M . They denote
M = 2J and J = 0, 1, 2, ... is the is the maximum level of resolution of Haar wavelets
see [11] equation 1. Regarding table 1 and 3 for absolute errors in [11] suggest
letting M = 3, 5 or 6, where else this research favours taking the value of M as
an order of 2. Therefore Haar wavelets functions of order 2 (M = 8, 16, ..., ) are
consider to approximate the double and triple integrals. Concerning table 4, the
problem are related to three dimensional case and the absolute errors are equivalent
to the previous work. Moreover the absolute error between this two methods for
Haar wavelets and LLMW functions are compared using the same order of dilation
in all the test problems.

12.7 Conclusion

In this work, numerical integration based on LLMW has been applied to approxi-
mate the numerical examples for double and triple integrals with variable limits of
integration. Generalized solution for LLMW are obtained to approximate the inte-
grals. By analyzing the numerical results in terms of absolute errors between LLMW
and Haar wavelets from [11], LLMW performs a better results in approximating the
examples as shown in the tables 1-4. From the tables, it is clearly observed that the
error estimation by linear Legendre multi-wavelets gives less error for the approxi-
mation. Therefore, it has been proved that the present method is more efficient and
accurate than the Haar wavelets method.
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Abstract

Since the modern era of cryptography, the construction of most cryptographic schemes
such as the Rivest-Shamir-Adleman (RSA), ElGamal and Elliptic Curves cryptosys-
tems are based on number theory. Lately, these cryptosystems are conjectured to
be broken once the Shor’s algorithm could be executed in fully functioning quantum
computers. To face this global crisis, cryptography society is currently moving to-
wards a new era that is referred to as the post-quantum cryptography where lattice-
based cryptography emerges as one of the most promising schemes. The construction
of the lattice-based cryptographic schemes relies on linear algebra with simpler and
cheaper mathematical operations involving vectors and matrices. In this paper, we
revisit the construction of the first lattice-based encryption scheme that was con-
sidered practical known as the Goldreich-Goldwasser-Halevi (GGH) cryptosystem.
Despite offering better efficiency and practicality compared to number-theoretical
schemes, the GGH cryptosystem is considered broken due to the Nguyen’s and Lee-
Hahn’s attacks. Moreover, we described these attacks in detail for allowing us to
investigate the weakness points of the GGH cryptosystem that being exploited by
the attacks. Finally, we also proposed some potential strategy to strengthen the
GGH cryptosystem for making it survive.

Keywords: Post-quantum cryptography, lattice-based cryptography, GGH cryp-
tosystem, closest-vector problem, shortest-vector problem, lattices.
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13.1 Introduction

The first lattice-based cryptosystem that was considered practical is proposed by
Goldreich, Goldwasser and Halevi [2], widely known as the Goldreich-Goldwasser-
Halevi (GGH) cryptosystem. The GGH cryptosystem surpasses the well-established
schemes such as the RSA [3] and ElGamal [4] cryptosystems in terms of the efficiency
of its encryption and decryption algorithms. Without involvement of any high-
cost integer exponentiation operations, the encryption and decryption algorithms
of the GGH cryptosystem executed using some lower computational-cost algebraic
operations on vectors and matrices. The security of the GGH cryptosystem is relying
on the conjectured-hardness of a Closest-Vector Problem (CVP) instance that arose
from its trapdoor function. The instance is referred to as the GGH-CVP instance.
After various experiments and thorough security analyses, the GGH cryptosystem
was conjectured to be intractable once it is implemented in a lattice with dimension
beyond 200.

The conjecture became more reliable when all initial attempts for decrypting the
GGH Internet Challenges [5] that was published on the Internet, only managed to
decypt the challenge in the lowest lattice dimension of 200 and failed to reach the
other challenges in the lattice dimensions of 250 up to 400. Nguyen [6] realized that
the underlying GGH-CVP instance is hard to solve in its original form. Although
it is reduceable to its corresponding Shortest-Vector Problem (SVP) instance, the
derived SVP instance also hard to solve in the lattice dimension beyond 200. Later,
Nguyen [6] discovered a novel strategy for breaking the GGH Cryptosystem. Conse-
quently, the Nguyen’s attack completely decrypted the GGH Internet Challenges in
the lattice dimension of 200 up to 350, where the GGH cryptosystem was conjectured
intractable in these dimensions. However, the attack only managed to partially de-
crypt the challenge in the lattice dimension of 400. Only about 10 years later, Lee
and Hahn [7] completely decrypted the whole ciphertext of the challenge in a lattice
dimension of 400.

In this paper, we revisit the construction of the GGH cryptosystem as well
as the security threats on it. From that, we investigate the weakness points of
the GGH cryptosystem that was exploited by those attacks. By considering these
weakness points, we propose some potential remedies to strengthen the security of
the GGH cryptosystem for making it survive against those security threats. This
paper is organized in the following flow. In Section 2, we provide some mathematical
background related to our discussion. Then, we provide a light introduction to the
GGH cryptosystem in Section 3 and then followed by the security threats on it in
Section 4. The investigation of the weakness points of the GGH cryptosystem is
presented in Section 5 and the proposed potential strategies for strengthening the
GGH cryptosystem is given in Section 6. Finally, this paper is concluded in Section
7.

13.2 Mathematical Background

All vectors are considered as column vectors. For m ∈ N, then ~u1 ∈ Rm is a column
vector with entries ui,1 ∈ R for all i = 1, . . . ,m. The vector ~u1 and its entries can be
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represented as follows, ~u1 =


u1,1

u2,1
...

um,1

 ∈ Rm. Any vector ~u1 ∈ Rm can be converted

into an integer vector b~u1e ∈ Zm by rounding each entry ui,1 ∈ R to its nearest
integer bui,1e ∈ Z such that |ui,1 − bui,1e| < 1/2 for all i = 1, . . . ,m.

Definition 13.2.1. [8] Let m ∈ N. The set of vectors ~u1, ~u2, . . . , ~un ∈ Rm is said to
be linearly independent if the only way to obtain the following linear combination,

α1~u1 + α2~u2 + · · ·+ αn~un = ~0 (13.1)

is when the scalars αi = 0 for all i = 1, . . . , n. Otherwise, the set is called linearly
dependent.

The lattice L that is spanned by the set of linearly independent vectors ~u1, ~u2, . . . , ~un ∈
Rm is defined as the following,

Definition 13.2.2. [8] For m,n ∈ N with m ≤ n, let ~u1, ~u2, . . . , ~un ∈ Rm be the set
of linearly independent vectors. The lattice L generated by the vectors ~u1, ~u2, . . . , ~un
is defined as the set of all linear combinations of the vectors ~u1, ~u2, . . . , ~un with
integer scalars, i.e.,

L = {a1~u1 + a2~u2 + · · ·+ an~un : ai ∈ Z,∀i = 1, . . . , n} (13.2)

The set ~u1, ~u2, . . . , ~un ∈ Rm that span the lattice L is called the basis for the lattice
L. The vectors in the lattice basis are referred to as basis vectors. The number of
these basis vectors is representing the dimension of the lattice L, i.e., dim(L) = n
and the number of entries in the basis vector ~ui ∈ Rm is representing the rank of the
lattice L, i.e., rank(L) = m. When m = n, then the lattice L is called a full-rank
lattice. From here, we only deal with this kind of the lattice in the rest of this paper.

Suppose that ~g1, ~g2, . . . , ~gn ∈ Rn be a basis for the full-rank lattice L ⊂ Rn. The
basis ~g1, ~g2, . . . , ~gn could be represented in a matrix form as the following,

G =
(
~g1 ~g2 · · · ~gn

)
=


g1,1 g1,2 · · · g1,n

g2,1 g2,2 · · · g2,n
...

...
. . .

...
gn,1 gn,2 · · · gn,n

 . (13.3)

where the basis vectors ~g1, ~g2, . . . , ~gn become the columns of the matrix G ∈ Rn×n.

Theorem 13.2.3. A square matrix is invertible if and only if its columns are linearly
independent [9].

Thus, the basis G for the full-rank lattice L is a non-singular matrix with det(G) 6= 0.
For any non-singular integer matrix, the inverse of this matrix does not guaranteed
to be an integer matrix. However, there is a non-singular integer matrix that has
special property where the inverse of this matrix is guaranteed to be an integer
matrix as well. This kind of matrix is called unimodular matrix.

Definition 13.2.4. [10] Let n ∈ N. A unimodular matrix U ∈ Zn×n is a square
matrix with integer entries and det(U) = ±1.
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The lattice L can be spanned by more than one basis. Two different bases for the
same lattice L are mathematically related by a unimodular matrix.

Proposition 13.2.5. [11] For n ∈ N, let G,B ∈ Rn×n be two non-singular matrices.
The matrices G and B generate the same lattice L ⊂ Rn, denoted as L(G) = L(B) =
L, if and only if these matrices are related by a unimodular matrix U ∈ Zn×n such
that G = BU .

When n ≥ 2, there are infinitely many unimodular matrices. Therefore, a lattice
L ⊂ Rn with dimension n ≥ 2 has infinitely many bases. These bases have different
quality in terms of the length and orthogonality of basis vectors. A lattice basis
with short and slightly non-orthogonal basis vectors is referred to as a ‘good basis’
while a lattice basis with long and highly non-orthogonal basis vectors is referred to
as a ‘bad basis’. The length of a basis vector can be measured as an Euclidean norm
while the distance between two vectors can be measured as an Euclidean distance.

Definition 13.2.6. [12] For n ∈ N, let ~u1, ~u2 ∈ Rn. The Euclidean norm of the
vector ~u1 is computed as follows,

‖~u1‖ =

n∑
i=1

(ui,1)2 (13.4)

and the Euclidean distance between the vectors ~u1 and ~u2 is computed as follows,

‖~u1 − ~u2‖ =

n∑
i=1

(ui,1 − ui,2)2 (13.5)

The orthogonality of vectors can be determined by using a quantity that is called
dot product. The dot product of two vectors in Rn is defined as follows:

Definition 13.2.7. For n ∈ N, let ~u1, ~u2 ∈ Rn. The dot product of ~u1 and ~u2 is
computed as follows,

~u1 · ~u2 =

n∑
i=1

(ui,1ui,2) ∈ R (13.6)

If ~u1 · ~u2 = 0, then ~u1 and ~u2 are said to be orthogonal. Otherwise, these vectors
are said to be non-orthogonal. The degree of non-orthogonality of basis vectors
~g1, ~g2, . . . , ~gn ∈ Rn can be measured by computing the dual-orthogonal defect of the
basis G as follows:

Definition 13.2.8. [2] For n ∈ N, let G ∈ Rn×n with columns ~g1, ~g2, . . . , ~gn ∈ Rn
be a basis for the lattice L ⊂ Rn. The dual-orthogonal defect of the basis G is
computed as follow,

dualOD(G) =

∏n
i=1 ‖~g′i‖
|detG−1|

(13.7)

where ‖~g′i‖ is the Euclidean norm of the i-th row vector in G−1.

The smaller the dual-orthogonal defect is, then the more orthogonal basis vectors in
the basis G. On the contrary, the larger the dual-orthogonal defect indicates that
the more non-orthogonal basis vectors in the basis G. Thus, the basis G is required
to have small dual-orthogonal defect in order to be classified as a good basis while
to be a bad basis, the basis G is required to have large dual-orthogonal defect.
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Most of the lattice problems are related to vectors’ norm and distance minimiza-
tions. Before we provide the definition of some well-established lattice problems,
consider the following definition regarding the shortest non-zero vector in the lattice
L ⊂ Rn.

Definition 13.2.9. [7] For n ∈ N, let L ⊂ Rn be a full-rank lattice. The i-th
minimum of the lattice L, denoted as λi (L), is defined by the radius of the smallest
sphere centered in the origin containing i linearly independent lattice vectors.

Basically, the first minimum of the lattice L is λ1 (L) = ‖~v1‖, where ~v1 ∈ L is
shortest non-zero vector in the lattice L and the second minimum of the lattice is L
is λ2 (L) = ‖~v2‖, where ~v2 ∈ L is the second shortest non-zero vector in the lattice
L such that ‖~v1‖ < ‖~v2‖. From the successive minima of the lattice L, the lattice
gap for the lattice L can be measured as follows,

Definition 13.2.10. [6] For n ∈ N, let L ⊂ Rn be a full-rank lattice with successive
minima λ1, λ2 ∈ R. The lattice gap for the lattice L is the ratio between the second
minimum and the length of the shortest non-zero vector in the lattice L, i.e.,

latticegap (L) =
λ2 (L)

λ1 (L)
∈ R

The orthogonality of any lattice basis could be enhanced by performing lattice
reduction operation on it by using lattice-reduction algorithm such as the LLL-
algorithm [13] and its variants. For instance, let B be a basis for the lattice L that
consisting long and highly non-orthogonal basis vectors ~b1,~b2, . . . ,~bn. By reducing
the basis B using the LLL-algorithm, the reduced form of the basis B, denoted as
BLLL has shorter and more orthogonal basis vectors ~β1, ~β2, . . . , ~βn where the first vec-
tor ~β1 ∈ BLLL is the approximated shortest non-zero vector in the lattice L(B) = L.
Although the LLL-algorithm is a polynomial-time algorithm, it only manages to
approximate a shortest non-zero vector in the lattice L to an exponential approx-
imation factor in the lattice dimension n. The lattice gap plays significant role in
lattice reduction operation. It is experimentally shown that the larger the lattice gap
is, the easier lattice reduction operation becomes [6]. That means, lattice-reduction
algorithm could perform better when the lattice gap is large.

The security of lattice-based cryptosystems are relying on some well-established
hard lattice problems such as the Shortest-Vector Problem (SVP), Closest-Vector
Problem (CVP) and the variants of these problems.

Definition 13.2.11. [11] For n ∈ N, let L ⊂ Rn be a full-rank lattice. Given
a basis for the lattice L, the Shortest-Vector Problem (SVP) is to find a non-zero
vector ~v ∈ L such that the Euclidean norm ‖~v‖ is minimal, i.e., ‖~v‖ = λ1(L).

Definition 13.2.12. [8] For n ∈ N, let L ⊂ Rn be a full-rank lattice. Given a basis
of the lattice L and a target vector ~t ∈ Rn, the Closest-Vector Problem (CVP) is to
find a non-zero vector ~v ∈ L such that the Euclidean norm ‖~t− ~v‖ is minimum .

The CVP is an NP-hard problem while the SVP is an NP-hard under randomize
reduction [8]. Although both problems are considered hard, the CVP is proven to
be a little bit harder than the SVP [14]. Using embedding technique, the CVP in
n-dimensional lattice can be reduced into an SVP instance in an (n+1)-dimensional
lattice. Solving the derived SVP instance could immediately solve the corresponding
CVP instance.
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The solution of the SVP can be approximated using lattice-reduction algorithm
while the solution of the CVP can be approximated by using Babai’s round-off
method.

Theorem 13.2.13. [8] For n ∈ N, let ~g1, ~g2, . . . , ~gn ∈ Rn be the basis for the lattice
L ⊂ Rn and ~t ∈ Rn be a target vector. If the basis vectors ~g1, ~g2, . . . , ~gn ∈ Rn
are sufficiently orthogonal to one another, the following algorithm of the Babai’s
round-off method solves the CVP:

Table 13.1: Algorithm of the Babai’s Round-off Method

Input The basis vectors ~g1, ~g2, . . . , ~gn ∈ Rn and the target vector
~t ∈ Rn.

Steps Write the vector ~t in a linear combination form as follows,
~t = α1~g1 + α2~g2 + · · ·+ αn~gn = G~α
where G ∈ Rn×n is a matrix with columns ~gi and ~α ∈ Rn
is an unknown vector of scalars.

Compute the unknown vector ~α as ~α = B−1~t.
Round each entry αi ∈ ~α to the nearest integer bαie ∈ Z
such that |αi − bαie| < 1

2 for all i = 1, . . . , n.

Output Compute a lattice vector ~v ∈ L as,
~v = bα1e~g1 + bα2e~g2 + · · ·+ bαne~gn.

In general, if the basis vectors are reasonably orthogonal to one another, then the
algorithm solves some version of approximation CVP. But if the basis vectors are
highly non-orthogonal, then the lattice vector returned by the algorithm is generally
far from the target vector ~t.

13.3 GGH Encryption Scheme

Goldreich et. al [2] proposed a trapdoor one-way function inspired by two scenario in
lattice. The function is referred to as the GGH trapdoor one-way function. Firstly,
the one-way function is developed based on the scenario in lattice where using a
given lattice vector ~v ∈ L ⊂ Rn and an small error vector ~e ∈ Rn, to compute a
non-lattice vector ~t ∈ Rn such that ~t = ~v + ~e is an easy task. On the contrary, the
task to recover the lattice vector ~v from the given target vector ~t without knowing
the error vector ~e is hard to be done especially when the dimension n is large. This
scenario could be considered as a CVP instance. We address the CVP instance that
arose from the GGH one-way function as the GGH-CVP instance. The task for
solving the GGH-CVP instance can be made easier is by introducing a trapdoor
information.

Thus, the idea to create the trapdoor information is inspired from the scenario
in lattice where every basis of the same lattice offers different ability in assisting
the Babai’s round-off method for solving the GGH-CVP instance. By executing
the method using a ‘good’ basis, the returned lattice vector is located closest to the
target vector. However, the method performs badly when it is executed using a ‘bad’
basis. Therefore, the ‘good’ basis could be considered as the trapdoor information
for the GGH trapdoor one-way function. From the proposed GGH trapdoor one-way
function, Goldreich et. al [2] developed an encryption scheme that we called as the
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GGH cryptosystem and a digital signature scheme. This paper is only discussing
the former one.

To describe the GGH cryptosystem, consider the following communication sce-
nario. Suppose that Alice and Bob want to communicate and they decide to use
GGH cryptosystem. As a message recipient, Alice performs the keys generation
process. Firstly, she decides her security parameter n ∈ N which is representing
the dimension of the lattice to be implemented by the GGH cryptosystem. Next,
Alice generates her private key which is a ‘good basis’ G ∈ Rn×n for the lattice
L ⊂ Rn with low dual-orthogonal defect. From the generated G, Alice determines
the threshold parameter σ ∈ R based on the following condition,

Theorem 13.3.1. For n ∈ N, let G ∈ Rn×n be the private basis for the lattice L ⊂ Rn
and ρ ∈ R denotes the maximum l1-norm of the rows of G−1. As long as the
threshold parameter σ ∈ R satisfies

σ <
1

2ρ
, (13.8)

then no decryption error can occur [2].

Next, Alice generates a unimodular matrix U ∈ Zn×n and followed by the generation
of her public key which is a ‘bad basis’ B ∈ Rn×n for the lattice L such that
B = GU−1. Basically, Alice’s private and public keys are two different bases G and
B that span the same lattice L ⊂ Rn, i.e., L(G) = L(B) = L. Alice sends the
parameters (n, σ) and her public basis B to Bob and keeps the unimodular matrix
U and her private basis G secretly.

Upon receiving the information from Alice, Bob generates two vectors prior the
encryption process namely an integer vector ~m ∈ Zn that contains the encoded
secret message and a small error vector ~e ∈ {−σ,+σ}n. Although the parameter
σ is a public information, the actual arrangement of the entries −σ and +σ in the
error vector ~e is known by Bob alone. Even Alice has no idea about the exact
arrangement of these entries in the Bob’s error vector ~e. The secret vector ~m is
encrypted as follows,

~c = B~m+ ~e (13.9)

where ~c ∈ Rn is a ciphertext vector and B~m is a lattice vector, denoted as ~v =
B~m ∈ L(B) since B is a lattice basis and ~m ∈ Zn. Bob sends the ciphertext ~c to
Alice.

Upon receiving the ciphertext ~c from Bob, Alice uses her private ‘good basis’ G
to execute the Babai’s round-off method. Firstly, Alice represents the ciphertext ~c
in a linear combination form as follows,

~c = α1~g1 + α2~g2 + · · ·+ αn~gn (13.10)
c1

c2
...
cn

 = α1


g1,1

g2,1
...

gn,1

+ α2


g1,2

g2,2
...

gn,2

+ · · ·+ αn


g1,n

g2,n
...

gn,n

 (13.11)


c1

c2
...
cn

 =


g1,1 g1,2 · · · g1,n

g2,1 g2,2 · · · g2,n
...

...
. . .

...
gn,1 gn,2 · · · gn,n



α1

α2
...
αn

 (13.12)
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~c = G~α (13.13)

where ~α ∈ Rn is in unknown vector. Next, Alice computes the unknown ~α as
~α = G−1~c and round each entry αi ∈ R to the nearest integer bαie ∈ Z such that

|αi − bαie| < 1
2 for all i = 1, . . . , n and form an integer vector ~bαe ∈ Zn. Finally,

Alice performs the decryption as follows,

U ~bαe = UbG−1~ce, since ~α = G−1~c

= UbG−1(B~m+ ~e)e, since ~c = B~m+ ~e

= UbG−1B~m+G−1~ee
= bUG−1B~me+ UbG−1~ee
= bB−1GG−1B~me+ UbG−1~ee, since U = B−1G

= b~me+ UbG−1~ee
= ~m+ UbG−1~ee, since ~m ∈ Zn

If bG−1~ee = ~0, then

U ~bαe = ~m+ Ub~0e
= ~m

where ~m contains the secret message from Bob. Obviously, decryption error could
be avoided if and only if bG−1~ee = ~0 and this could be met if the chosen threshold
parameter σ fulfills the condition as stated in Theorem 13.3.1.

The security of the GGH cryptosystem is relying on the GGH-CVP instance that
arose from the GGH trapdoor one-way function. Mandangan et. al [18] explicitly
defined the GGH-CVP instance as the following:

Definition 13.3.2. Let n ∈ N. Given a basis B for the lattice L(B) = L ⊂ Rn, a
perturbation parameter σ ∈ R and a ciphertext ~c ∈ Rn such that ~c = ~v + ~e, where
~v ∈ L is an unknown error vector and ~e ∈ {−σ,+σ}n is an unknown small vector.
The GGH-CVP instance is a problem to find a lattice vector ~v that is closest to
ciphertext ~c which minimizes the Euclidean distance ‖~c− ~v‖.

By solving the GGH-CVP instance, Eve as an attacker could obtain a lattice vector
~w ∈ L that is closest to the ciphertext ~c. If ~w = ~v, then Eve could recover the
encrypted secret vector ~m since ~v = B~m. As stated in [6], the Euclidean distance
between the given target vector and the desired lattice vector is ‖~c−~v‖ = σ

√
n. We

provide the proof as the following:

Proposition 13.3.3. For n ∈ N, let B ∈ Rn×n a public basis, ~m ∈ Zn be a vector
with encoded secret message, ~c ∈ Rn be a ciphertext vector and ~e ∈ {−σ,+σ}n be
an error vector such that ~c = B~m+ ~e. Then, ‖~c−B~m‖ = σ

√
n.

Proof. Given that ~c = B~m+ ~e and ~e ∈ {−σ,+σ}n. Thus,

~c−B~m = ~e

‖~c−B~m‖ = ‖~e‖

=

√√√√ n∑
i=1

(ei)2
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=

√√√√ n∑
i=1

(±σ)2
i

=
√
nσ2

= σ
√
n

With distance ‖~c − B~m‖ = σ
√
n, the underlying GGH-CVP instance has been

experimentally tested, analysed and conjectured by its inventors to be invulnerable
to some possible attacks once the implemented lattice dimension is larger than 150
[2]. The tested attacks and the experiment results are summarized in Table 13.2.

Table 13.2: Security analyses on the GGH Cryptosystem

Attacks Experimental Results

Round-off attack Fails once the lattice dimension n > 90.
Nearest-plane attack Fails once the lattice dimension n > 140.
Embedding attack Fails once the lattice dimension n > 120.

To establish the GGH cryptosystem, its inventors published five challenges on the
Internet, known as the GGH Internet Challenges [5]. In these challenges, ciphertext
produced by the GGH cryptosystem in the lattice dimensions of 200, 250, 300,
350 and 400 are published together with the corresponding public bases that used
to produce each ciphertext. The challenge is to decrypt the published ciphertext
based on the given information. In the beginning, it was look promising when all
earlier attempts for solving the challenges failed to decrypt the published ciphertext.
One of the ways to solve the challenge is by solving the underlying GGH-CVP
instance. Using embedding technique, the GGH-CVP instance in the lattice L ⊂ Rn
is reduceable to an SVP instance in an embedded lattice L′ ⊂ Rn+1. Then, lattice-
reduction algorithms can be used to solve the derived SVP instance. The solution
of the derived SVP instance could immediately solve the corresponding GGH-CVP
instance. We address this approach as embedding attack.

Using the embedding attack, Schnorr et. al [15] successfully break the GGH
cryptosystem but only in a lattice dimension up of 150. The GGH Internet Chal-
lenges attracted the attention of Nguyen [6], who is one of the prolific cryptanalysts
in lattice-based cryptography. In his earlier attempt, he tried to solve the underlying
GGH-CVP instance by executing the improved algorithm of Schnorr and Hörner [16]
using Shoup’s NTL package [17]. After a few days of execution processes, the only
solvable challenge is the one in the lowest lattice dimension of 200. In higher lattice
dimensions, the challenges were unsolvable which makes the GGH Cryptosystem be-
ing potentially considered as a secure and practical lattice-based encryption scheme.
The underlying GGH-CVP instance seems to be unsolvable in the lattice dimensions
beyond 200.

Realizing that the GGH-CVP instance is hard solve in its original form, Nguyen
[6] discovered a novel strategy for simplifying the GGH-CVP instance which even-
tually made it solvable and consequently made the GGH cryptosystem broken. The
Nguyen’s attack completely decrypted the GGH Internet Challenges in the lattice
dimensions of 200 up to 350. By extending the Nguyen’s attack, another attack by
Lee and Hahn [7] finally decrypted the whole ciphertext of the final challenge in the
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lattice dimension of 400. Similarly, the embedding attack is used in the final stage
of both attacks. Therefore, we consider that the embedding attack, Nguyen’s attack
and Lee-Hahn’s attack as the fatal security threats on the GGH cryptosystem.

13.4 Security Threats on the GGH Cryptosystem

In this section, we revisit the fatal security threats on the GGH cryptosystem with
focus more into the mathematical aspect of these attacks for allowing us to inves-
tigate the weakness points of the GGH cryptosystem that was exploited by those
attacks.

13.4.1 Embedding Attack

The embedding attack is a combination of embedding technique and lattice-reduction
algorithm. The embedding technique is used to reduce the CVP instance into an
SVP instance while the lattice-reduction algorithm is used to solve the derived SVP
instance. The performance of this attack depends on two factors. Firstly is the
lattice gap in the embedded lattice L′ ⊂ Rn+1. As mentioned by Nguyen [6], the
larger the lattice gap is then the easier reduction can be done by lattice-reduction
algorithm. The second factor is the lattice dimension n. In small dimension n,
lattice-reduction algorithm could perform well for solving the SVP. However, the
performance degrades exponentially as the lattice dimension n grows. That is why
the embedding attack was failed to break the GGH cryptosystem in the lattice di-
mension beyond 120 as tested in [2].

To describe the embedding attack on the GGH-CVP instance, consider a lattice
L ⊂ Rn with basis B ∈ Rn×n and a target vector ~c ∈ Rn. The aim of this attack is
to obtain a lattice vector ~v ∈ L(B) = L that is located closest to the target vector ~c.
To launch the embedding attack, firstly the embedding technique is used where the
target vector ~c is embedded into the basis B to form a new basis X ∈ R(n+1)×(n+1)

for a new lattice L′ ⊂ R(n+1). The new basis X has the following form,

X =

(
~c ~b1 · · · ~bn
1 0 · · · 0

)
=


c1 b1,1 b1,2 · · · b1,n
c2 b2,1 b2,2 · · · b2,n
...

...
. . .

...
cn bn,1 bn,2 · · · bn,n
1 0 0 · · · 0

 . (13.14)

where ci ∈ ~c and bi,j ∈ ~bj for all i, j = 1, . . . , n. Suppose that the desired lattice
vector ~v ∈ L(B) in the GGH-CVP instance is represented in the following linear
combination form,

~v = α1
~b1 + α2

~b2 + · · ·+ αn~bn (13.15)

where αi ∈ Z for all i = 1, . . . , n. Then, consider a non-zero vector ~δ1 in the
embedded lattice L′(X) = L′ that is represented in the following form,

~δ1 = α′
[
~c
1

]
− α1

[
~b1
0

]
− α2

[
~b2
0

]
− · · · − αn

[
~bn
0

]
= α′

[
~c
1

]
−
(
α1

[
~b1
0

]
+ α2

[
~b2
0

]
+ · · ·+ αn

[
~bn
0

])
. (13.16)
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By letting α′ = 1 and considering equation (13.15), we have

~δ1 =

[
~c
1

]
−
[
~v
0

]
=

[
~c− ~v

1

]
(13.17)

In the GGH-CVP instance, we have ~c = ~v + ~e which implies that ~c− ~v = ~e. Hence,
we have

~δ1 =

[
~e
1

]
∈ L′(X). (13.18)

where ~e ∈ {−σ,+σ}n. Since ~e is a small vector for ensuring that the vectors ~c and ~v
are located closest to each other, then the embedding attack is expecting that vector
~δ1 as the shortest non-zero vector in the embedded lattice L′(X).

Finding for the shortest vector ~δ1 in the embedded lattice L′(X) is an SVP
instance. That means, the embedding technique has reduced the underlying GGH-
CVP instance into an SVP instance. We address the instance as the GGH-SVP
instance. To solve the derived GGH-SVP instance, the embedding attack uses the
lattice reduction algorithm for reducing the embedded basis X. Suppose that the
used algorithm is the LLL-algorithm. Then, we denote the LLL-reduced form of
the basis X as XLLL = {~x1, ~x2, . . . , ~xn+1} where the first reduced basis vector ~x1

is the shortest vector in the reduced-basis XLLL. Therefore, the lattice-reduction
algorithm returns the shortest vector ~x1 = ~δ1 as the solution of the GGH-SVP
instance. From the obtained solution ~x1, then we can easily solve the equation

(13.17) for the unknown vector

[
~v
0

]
since the ciphertext ~c is known. To obtain the

vector ~v, simply compute [
~v
0

]
=

[
~c
1

]
− ~x1. (13.19)

Obviously, the obtained vector

[
~v
0

]
contains the desired lattice vector ~v ∈ L which

immediately solves the GGH-CVP instance.
The most challenging part in the embedding attack is the execution of the lattice-

reduction operations on the embedded basis X. This is because, the public basis B is
a bad basis consisting of long and highly non-orthogonal basis vectors~b1,~b2, . . . ,~bn ∈
Rn. Consequently, the execution time could be too long and the obtained vector ~x1

could be not the shortest vector in the lattice L′(X). That is why, the attempt by
Schnorr et. al [15] for breaking the GGH cryptosystem using the embedding attack
by implementing the LLL-algorithm to perform the lattice-reduction operation only
managed to break the cryptosystem in a lattice dimension up to 150. Similarly, the
initial embedding attack by Nguyen [6] using the pruning enumeration-algorithm
to perform the lattice-reduction operation also failed to break the GGH Internet
Challanges in the lattice dimension beyond 200. Since that, the inventors of the GGH
cryptosystem conjectured that the underlying GGH-CVP instance as invulnerable
in the lattice dimensions 300 and beyond.

13.4.2 Nguyen’s Attack

Instead of directly implementing the embedding attack on the GGH-CVP instance
in its original form, the Nguyen’s attack [6] is implementing the embedding attack on
the simplified version of the GGH-CVP instance. Basically, the Nguyen’s attack is
consisting of a sequence of three stages. The first stage is an elimination stage which
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aims to eliminate the error vector ~e from the encryption equation. To accomplish
that aim, an integer vector ~s = {+σ}n is inserted into the encryption equation (13.9)
as follows,

~c+ ~s−B~m
2σ

=
~e+ ~s

2σ
. (13.20)

Since ~s = {+σ}n and ~e ∈ {−σ,+σ}n, then ~e+ ~s ∈ {0, 2σ}n. Hence,

~e+ ~s

2σ
∈ {0, 1}n ∈ Zn.

By considering equation (13.20), we have

~c+ ~s−B~m
2σ

∈ Zn

as well and this implies that

~c+ ~s ≡ B~m (mod 2σ). (13.21)

Observe that, the error vector ~e has been completely eliminated from the encryption
equation.

That means, the attack has completed the elimination stage and now it can
proceed to the second stage which is the simplification stage. This stage aims to
simplify the underlying GGH-CVP instance. Observe that, the only unknown value
in the congruence (13.21) is the secret vector ~m ∈ Zn. Solving the congruence
(13.21) for the vector ~m yields,

~m ≡ B−1(~c+ ~s) (mod 2σ). (13.22)

For simplicity, denote B−1(~c+ ~s) = ~m2σ. Then we have

~m ≡ ~m2σ (mod 2σ). (13.23)

Although ~m2σ 6= ~m, the vector ~m2σ ∈ Z2σ provides partial information from the
secret vector ~m which allows the simplification of the GGH-CVP instance becomes
possible. To perform the simplification process, the partial information ~m2σ is mul-
tiplied by the basis B and then inserted into both sides of the encryption equation
(13.9) as follows,

~c−B~m2σ = B~m−B~m2σ + ~e

= B(~m− ~m2σ) + ~e. (13.24)

The congruence (13.23) implies that, there exist ~k ∈ Zn such that

~m− ~m2σ = 2σ~k. (13.25)

Thus, the equation (13.24) can be rewritten as the following,

~c−B~m2σ = B(2σ~k) + ~e

~c−B~m2σ

2σ
= B~k +

~e

2σ
(13.26)

For simplicity, denote
~c−B~m2σ

2σ
= ~s ∈ Rn.
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Since the ciphertext ~c, public basis B, partial information ~m2σ and threshold pa-
rameter σ are known, then the vector ~s is a known vector. Then, denote B~k = ~t.
Note that, B is a basis for the lattice L and ~k ∈ Zn is an unknown integer vector.
Hence, ~t ∈ L(B) = L in an unknown lattice vector. Since ~e ∈ {−σ,+σ}n, then

~e

2σ
∈
{
−1

2
,+

1

2

}n
.

We denote the new error vector as ~ε ∈
{
−1

2 ,+
1
2

}n
. Although the exact arrangement

of the entries
(
−1

2

)
and

(
+1

2

)
in the new error vector ~ε is unknown, the entries of

this error vector is much smaller than the original error vector ~e ∈ {σ,+σ}n. Now,
the equation (13.26) can be rewritten as follows,

~s = ~t+ ~ε. (13.27)

A new and simpler GGH-CVP instance can be derived from the equation (13.27). We
address the new instance as the NguyenGGH -CVP instance and it can be explicitly
defined as follows [18],

Definition 13.4.1. Let n ∈ N and L ⊂ Rn be a lattice. Given a basis B ∈ Rn×n
for the lattice L and a target vector ~s ∈ Rn such that

~s = ~t+ ~ε

where ~t ∈ L(B) = L is an unknown lattice vector and ~ε ∈
{
−1

2 ,+
1
2

}n
is an unknown

error vector. The NguyenGGH -CVP instance is a problem to find a lattice vector ~t
that is closest to ~s which minimizes the Euclidean distance ‖~s− ~t‖.

Once the simplification stage is accomplished, the Nguyen’s attack moves to it’s
final stages that we address as the solution stage which aims to solve the NguyenGGH -
CVP instance. For that purpose, the Nguyen’s attack executing the embedding
attack on the NguyenGGH -CVP instance. To launch the embedding attack, firstly
the embedding technique is used to embed the target vector ~s into the basis B to
form a new basis Y ∈ R(n+1)×(n+1) for a new lattice L′ ⊂ R(n+1). The new basis Y
has the following form,

Y =

(
~s ~b1 · · · ~bn
1 0 · · · 0

)
=


s1 b1,1 b1,2 · · · b1,n
s2 b2,1 b2,2 · · · b2,n
...

...
. . .

...
sn bn,1 bn,2 · · · bn,n
1 0 0 · · · 0

 . (13.28)

where for all i, j = 1, . . . , n, then si ∈ ~s and bi,j ∈ ~bj are the columns of the public
basis B. Suppose that the desired lattice vector ~t ∈ L(B) in the NguyenGGH -CVP
instance is represented in the following linear combination form,

~t = β1
~b1 + β2

~b2 + · · ·+ βn~bn (13.29)

where βi ∈ Z for all i = 1, . . . , n. Then, consider a non-zero vector ~δ2 in the
embedded lattice L′(Y ) that is represented in the following form,

~δ2 = β′
[
~s
1

]
− β1

[
~b1
0

]
− β2

[
~b2
0

]
− · · · − βn

[
~bn
0

]
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= β′
[
~s
1

]
−
(
β1

[
~b1
0

]
+ β2

[
~b2
0

]
+ · · ·+ βn

[
~bn
0

])
. (13.30)

By letting β′ = 1 and considering equation (13.29), we have

~δ2 =

[
~s
1

]
−
[
~t
0

]
=

[
~s− ~t

1

]
(13.31)

In the NguyenGGH -CVP instance, we have ~s = ~t + ~ε which implies that ~s − ~t = ~ε.
Hence, we have

~δ2 =

[
~ε
1

]
∈ L′(Y ). (13.32)

where ~ε ∈
{
−1

2 ,+
1
2

}n
. Since ~ε is a small vector for ensuring that the vectors ~s and ~t

are located closest to each other, then the embedding attack is expecting that vector
~δ2 as the shortest non-zero vector in the embedded lattice L′(Y ). Finding for the
shortest vector ~δ2 in the embedded lattice L′(Y ) is an SVP instance. That means,
the embedding technique has reduced the NguyenGGH -CVP instance into an SVP
instance. We address the instance as the NguyenGGH -SVP.

To solve the derived NguyenGGH -SVP instance, the embedding attack uses the
lattice reduction algorithm for reducing the embedded basis Y . Suppose that the
LLL-algorithm is used. We denote the LLL-reduced form of the basis Y as YLLL =
{~y1, ~y2, . . . , ~yn+1} where the first reduced basis vector ~y1 is the shortest vector in
the reduced-basis YLLL. Therefore, the LLL-algorithm returns the shortest vector
~y1 = ~δ2 as the solution of the NguyenGGH -SVP instance.

From the obtained solution ~y1, then we can easily solve the equation (13.31) for

the unknown vector

[
~t
0

]
since the target vector ~s is known. To obtain the vector ~t,

simply compute [
~t
0

]
=

[
~s
1

]
− ~y1. (13.33)

Obviously, the obtained vector

[
~t
0

]
contains the desired lattice vector ~t ∈ L which

immediately solves the NguyenGGH -CVP instance.
Pereviously, the embedding attack only managed to solve the GGH-CVP instance

in the lattice dimension 200 and below. But this time, the embedding attack is
managed to solve the NguyenGGH -CVP instance in the lattice dimension beyond
200 up to 350. This indicates that, the NguyenGGH -CVP instance is much easier
than the original GGH-CVP instance. Due to a certain reason, the final challenge
in the lattice dimension of 400 could only be partially decrypted by the Nguyen’s
attack. The reason behind this occurence will be discussed in the other section of
this paper.

13.4.3 Lee-Hahn’s Attack

By using the partially decrypted ciphertext, ~m2σ ∈ Z400
2σ that is published by Nguyen

in [6], Lee and Hahn [7] extended the Nguyen’s attack to further simplify the under-
lying GGH-CVP instance which later allowing the Lee-Hahn’s attack to completely
decrypt the whole ciphertext for the final GGH Internet Challenge in the lattice
dimension of 400. Basically, the Lee-Hahn’s attack also consisting a sequence of
three stages namely the guessing stage, simplification stage and the solution stage.
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In order to accomplish its simplification stage, some actual plaintext values are
required. For that purpose, the Lee-Hahn’s attack initiates it’s guessing stage which
aims to obtain the actual value of some plantext from the whole plaintext ~m ∈ Z400

of the final GGH challenge. In the challenge, the plaintext vector ~m has integer
entries mi ∈ [−128, 127] and the used threshold parameter is σ = 3. From the
elimination stage of the Nguyen’s attack, the congruence ~m ≡ ~m2σ (mod 2σ) holds.
Thus,

mi ≡ m2σ,i (mod 6) (13.34)

where mi ∈ ~m and m2σ,i ∈ ~m2σ for all i = 1, . . . , 400 and 2σ = 2(3) = 6. Referring
to the published ~m2σ ∈ Z400

2σ , the first entry is m2σ,1 = 5. Thus,

m1 ≡ 5 (mod 6). (13.35)

Since m1 ∈ [−128, 127], there are 43 possible integers in that interval that could
satisfies the congruence (13.35).That means, it is possible to guess the actual value
of the first entry m1. By continuing the same steps, the Lee-Hahn’s attack revealed
some other entries of the plaintext ~m ∈ Z400.

Now, the attack could proceed to it’s simplification stage which aims to further
simplify the GGH-CVP instance. Suppose that the Lee-Hahn’s attack has obtained
the first k ∈ N with k < 400, entries out of 400 entries of the plaintext ~m ∈ Z400.
Now, the plaintext ~m ∈ Z400 can be divided into two blocks as ~m1 ∈ Zk that contains
the known k entries of ~m and ~m2 ∈ Z400−k that contains the remaining (400 − k)
unknown entries of ~m. Thus, the vector ~m can be represented as follows,

~m =

(
~m1

~m2

)
∈ Z400 (13.36)

where m1, . . . ,mk ∈ ~m1 and mk+1, . . . ,m400 ∈ ~m2. Similarly, the public basis
B ∈ R400×400 also has the following new representation as follows

B =
(
B1 B2

)
(13.37)

where ~b1, . . . ,~bk ∈ B1 ∈ R400×k and ~bk+1, . . . ,~b400 ∈ B2 ∈ Rn×(400−k). Now, the
encryption equation (13.9) has a new representation as follows,

~c =
(
B1 B2

)(~m1

~m2

)
+ ~e

~c = B1 ~m
1 +B2 ~m

2 + ~e

~c−B1 ~m
1 = B2 ~m

2 + ~e. (13.38)

Similarly, the published ~m2σ ∈ Z400
2σ also can be represented in two blocks as ~m1

2σ ∈
Zk that contains the first k entries of ~m2σ and ~m2

2σ ∈ Z400−k that contains the
remaining (400− k) entries of ~m2σ. Thus, the vector ~m2σ be represented as follows,

~m2σ =

(
~m1

2σ

~m2
2σ

)
∈ Z400. (13.39)

From the following multiplication,

B~m2σ =
(
B1 B2

)(~m1
2σ

~m2
2σ

)
= B1 ~m

1
2σ +B2 ~m

2
2σ
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the vector B2 ~m
2
2σ can be inserted into the equation (13.38) and yields the following

equations,

~c−B1 ~m
1 −B2 ~m

2
2σ = B2 ~m

2 −B2 ~m
2
2σ + ~e

~c−B1 ~m
1 −B2 ~m

2
2σ = B2(~m2 − ~m2

2σ) + ~e. (13.40)

Since ~m ≡ ~m2σ (mod 2σ), then ~m2 ≡ ~m2
2σ (mod 2σ). This implies that,

~m2 − ~m2
2σ = 2σ~l (13.41)

where ~l ∈ Z400−k. Substituting the equation (13.41) into the equation (13.40) yields

~c−B1 ~m
1 −B2 ~m

2
2σ = B2(2σ~l) + ~e

~c−B1 ~m
1 −B2 ~m

2
2σ

2σ
= B2

~l +
~e

2σ
. (13.42)

For simplicity, denote the left side of the equation (13.42) as ~p ∈ R400. Since
~c,B1, ~m

1, B2 and ~m2
2σ are known, then ~p is a known vector. Then, denote B2

~l = ~q ∈
R400. Note that, B2 ∈ R400×(400−k) is a basis for the sub-lattice L(B2) and ~l ∈ Z400−k

is an unknown integer vector. Thus, ~q ∈ L(B2) is an unknown lattice vector. Note
that, the new error vector is similar with the error vector in the NguyenGGH -CVP
instance. Thus, we denote the new error vector as ~ε ∈

{
−1

2 ,+
1
2

}n
as well. Now, the

equation (13.42) can be rewritten as follows,

~p = ~q + ~ε. (13.43)

Again, the underlying GGH-CVP instance has been simplified by the Lee-Hahn’s
attack. A new and simpler GGH-CVP instance can be explicitly defined from the
equation (13.43). We refer this instance as LeeHahnGGH -CVP instance and it can
be explicitly defined as the following [18]:

Definition 13.4.2. Let k, n ∈ N where k < n and B ∈ Rn×n with columns
~b1,~b2, . . . ,~bn ∈ Rn, be a basis for the full-rank lattice L(B) = L ⊂ Rn. Suppose
that, the basis B is representable as follows,

B =
(
B1 B2

)
where ~b1, . . . ,~bk ∈ B1 ∈ Rn×k and ~bk+1, . . . ,~bn ∈ B2 ∈ Rn×(n−k). Given a target
vector ~p ∈ Rn and the sub-basis B2 for the sub-latice L(B2) ⊂ Rn such that

~p = ~q + ~ε

where ~q ∈ L is an unknown lattice vector and ~ε ∈
{
−1

2 ,+
1
2

}n
is an unknown error

vector. The LeeHahnGGH -CVP instance is a problem to find a lattice vector ~q that
is closest to ~p which minimizes the Euclidean distance ‖~p− ~q‖.

To solve LeeHahnGGH -CVP instance, the Lee-Hahn’s attack proceeds to its final
stage that we address as the solution stage. Similarly as the Nguyen’s attack, the
Lee-Hahn’s attack also executed the embedding attack in its solution stage. To
launch the embedding attack, firstly the embedding technique is used to embed the
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target vector ~p into the sub-basis B2 to form a new basis Z ∈ R(n+1)×(n−k+1) for a
new lattice L∗ ⊂ R(n+1). The new basis Z has the following form,

Z =

(
~p ~bk+1 · · · ~bn
1 0 · · · 0

)
=


p1 b1,k+1 · · · b1,n
p2 b2,k+1 · · · b2,n
...

...
. . .

...
pn bn,k+1 · · · bn,n
1 0 · · · 0

 (13.44)

where pi ∈ ~p and bi,j ∈ ~bj are the columns of the sub-basis B2 for all i = 1, . . . , n
and j = k + 1, . . . , n . Suppose that the desired lattice vector ~q ∈ L(B2) in the
LeeHahnGGH -CVP instance is represented in the following linear combination form,

~q = γ1
~bk+1 + γ2

~bk+2 + · · ·+ γ(n−k+1)
~bn (13.45)

where γi ∈ Z for all i = 1, . . . , (n − k + 1). Then, consider a non-zero vector ~δ3 in
the embedded lattice L(Z) that is represented in the following form,

~δ3 = γ′
[
~p
1

]
− γ1

[
~bk+1

0

]
− γ2

[
~bk+2

0

]
− · · · − γ(n−k+1)

[
~bn
0

]
= γ′

[
~p
1

]
−
(
γ1

[
~bk+1

0

]
+ γ2

[
~bk+2

0

]
+ · · ·+ γ(n−k+1)

[
~bn
0

])
. (13.46)

By letting γ′ = 1 and considering equation (13.45), we have

~δ3 =

[
~p
1

]
−
[
~q
0

]
=

[
~p− ~q

1

]
. (13.47)

In the LeeHahnGGH -CVP instance, we have ~p = ~q +~ε which implies that ~p− ~q = ~ε.
Hence, we have

~δ3 =

[
~ε
1

]
∈ L(Z) (13.48)

where ~ε ∈
{
−1

2 ,+
1
2

}n
. Since ~ε is a small vector for ensuring that the vectors ~p and ~q

are located closest to each other, then the embedding attack is expecting that vector
~δ3 as the shortest non-zero vector in the embedded lattice L(Z). Finding for the
shortest vector ~δ3 in the embedded lattice L(Z) is an SVP instance. That means,
the embedding technique has reduced the LeeHahnGGH -CVP instance into an SVP
instance. We address the instance as the LeeHahnGGH -SVP instance.

To solve the derived LeeHahnGGH -SVP instance, the embedding attack uses the
lattice reduction algorithm for reducing the embedded sub-basis Z. Suppose that
the LLL-algorithm is used. We denote the LLL-reduced form of the basis Z as
ZLLL = {~z1, ~z2, . . . , ~zn−k+1} where the first reduced basis vector ~z1 is the shortest
vector in the reduced-basis ZLLL. Therefore, the LLL-algorithm returns the shortest
vector ~z1 = ~δ3 as the solution of the LeeHahnGGH -SVP instance. From the obtained
solution ~z1, then we can easily solve the equation (13.47) for the unknown vector[
~q
0

]
since the target vector ~p is known. To obtain the vector ~q, simply compute

[
~q
0

]
=

[
~p
1

]
− ~z1. (13.49)
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Obviously, the obtained vector

[
~q
0

]
contains the desired lattice vector ~q ∈ L(B2)

which immediately solves the NguyenGGH -CVP instance. Consequently, the Lee-
Hahn’s attack completely decrypted the final GGH Internet Challenge in the lattice
dimension of 400 which was previously failed to be reached by the Nguyen’s attack.

13.4.4 Discussion

Observe that, there are several similarities between the Nguyen’s and Lee-Hahn’s at-
tacks. Firstly, the entries of the new error vector in both simplified instances are ran-
domly selected from the same set,

{
−1

2 ,+
1
2

}
. That means, the Euclidean distance

between the target vector and the desired lattice vector in both the NguyenGGH -
CVP and LeeHahnGGH -CVP instances are similar. As stated in [6], the Euclidean
distance is now shorthened becomes

√
n/2 compared to its original distance σ

√
n in

the GGH-CVP instance. We provide the proof as follows,

Proposition 13.4.3. For n ∈ N, let ~s ∈ Rn be a target vector and ~t ∈ L ⊂ Rn be a
lattice vector such that

~s = ~t+ ~ε

where ~ε ∈
{
−1

2 ,+
1
2

}n
. Then, ‖~s− ~t‖ =

√
n

2 .

Proof. Given that ~s = ~t+ ~ε. Thus, ~s− ~t = ~ε. Since ~ε ∈
{
−1

2 ,+
1
2

}n
, therefore

‖~s− ~t‖ = ‖ε‖

=

√√√√ n∑
i=1

(
±1

2

)2

i

=

√√√√ n∑
i=1

(
1

4

)
i

=

√
n

(
1

4

)
=

√
n

2
.

Clearly, the Euclidean distance is shorter compared to the Euclidean distance ‖~c−
~v‖ = σ

√
n in the GGH-CVP instance. With this shorter distance, the NguyenGGH -

CVP and LeeHahnGGH -CVP instances are considered simpler than the GGH-CVP
instance.

Secondly, both attacks use the same strategy for breaking the security of the
GGH cryptosystem. Instead of direcly solving the GGH-CVP instance in its origi-
nal form, these attacks are managed to solve the simplified versions of the instance.
To solve the simplified instances, both attacks also use the same strategy by exe-
cuting the embedding attack. Previously, the execution of the embedding attack on
the original GGH-CVP instance only managed to break the GGH cryptosystem in
lattice dimensions below 150. But through the Nguyen’s and Lee-Hahn’s attacks,
the execution of the embedding attack could break the GGH cryptosystem in the
lattice dimensions up to 400.
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Why does the GGH-CVP instance could be simplified? How does the Nguyen’s
attack as well as the Lee-Hahn’s attack could improve the ability of the embed-
ding attack for breaking the GGH cryptosystem? Why does the Lee-Hahn’s attack
succeeds for completely decrypting the final GGH Internet Challenge in the lattice
dimension of 400 while the Nguyen’s attack previously failed to do so? We address
these questions in the next section.

13.5 Weaknesses of the GGH Cryptosystem

From our discussion in the Section 13.4, it can be observed that most hazardous
security threat on the GGH cryptosystem is the embedding attack. Most of the
earlier attempts for breaking the GGH cryptosystem as well as the GGH Internet
Challenges prior the Nguyen’s attack used the embedding attack. However, these
attacks only managed to solve the underlying GGH-CVP instance in the lattice
dimensions not more than 200. Similarly, the Nguyen’s and the Lee-Hahn’s attacks
also executed the embedding attack in their solution stage.

But this time, the implementation of the embedding attack in the solution stages
of the Nguyen’s and Lee-Hahn’s attacks works effectively even in the lattice dimen-
sions beyond 200 up to 400. This is because the embedding attack is used to solve
the simplified versions of the GGH-CVP instance, instead of the original GGH-CVP
instance. The simplification of the GGH-CVP instance into the NguyenGGH -CVP
and LeeHahnGGH -CVP instances allowed the embedding attack to perform better
than before. In this section, we justify the reason behind this occurence.

For that purpose, we compare the embedding attack on the GGH-CVP instance
and the NguyenGGH -CVP instance since the embedded bases X,Y ∈ R(n+1)×(n+1),
in both instances have the same dimensions. Recall that the embedded basis X ∈
R(n+1)×(n+1) in the GGH-CVP instance has the following representation,

X =

(
~c ~b1 · · · ~bn
1 0 · · · 0

)
(13.50)

where ~c ∈ Rn is the ciphertext vector and ~bi ∈ B for all i = 1, . . . , n. Similarly,
recall that the embedded basis Y ∈ R(n+1)×(n+1) in the NguyenGGH -CVP instance
has the following representation,

Y =

(
~s ~b1 · · · ~bn
1 0 · · · 0

)
(13.51)

where ~s ∈ Rn is the target vector and ~bi ∈ B for all i = 1, . . . , n. In the GGH-
CVP instance, the expected shortest vector in the embedded lattice L′(X) is the

vector ~δ1 =

[
~e
1

]
∈ L′(X) where ~e ∈ {−σ,+σ}n while the expected shortest vector in

the embedded lattice L′(Y ) is the vector ~δ2 =

[
~ε
1

]
∈ L′(Y ) where ~ε ∈

{
−1

2 ,+
1
2

}n
.

These vectors could be obtained by reducing the embedded bases X and Y using
the LLL-algorithm and yields the LLL-reduced bases XLLL and YLLL respectively.
The first vectors in these LLL-reduced bases are expected to be the shortest vector
in the embedded lattices L′(X) and L′(Y ) respectively. Therefore, we have ~x1 = ~δ1

and ~y1 = ~δ2, where ~x1 ∈ XLLL and ~y1 ∈ YLLL.
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Notice that other than their first columns, both the embedded bases X and Y

are consisting the same columns

[
~b1
0

]
,

[
~b2
0

]
, · · · ,

[
~bn
0

]
∈ Rn+1. This implies that,

the second shortest vector in the reduced embedded bases XLLL and YLLL are the

same vector ~x2 = ~y2 =

[
~b∗1
0

]
= ~b∗1, which is the shortest vector in the LLL-reduced

form of the basis B. Now, we can determine the lattice gap between the embedded
lattice L′(X) and L′(Y ) as follows,

latticegap(L
′(X)) =

λ2 (L′(X))

λ1 (L′(X))
=
‖~b∗1‖
‖~δ1‖

(13.52)

and

latticegap(L
′(Y )) =

λ2 (L′(Y ))

λ1 (L′(Y ))
=
‖~b∗1‖
‖~δ2‖

. (13.53)

Since ~δ1 =

[
~e
1

]
∈ L′(X) where ~e ∈ {−σ,+σ}n, then

‖~δ1‖ = ‖~e‖+ ‖1‖.
(13.54)

Based on Proposition 13.3.3, we have ‖~e‖ = σ
√
n. Thus,

‖~δ1‖ = σ
√
n+ 1.

On the other hand, we have ~δ2 =

[
~ε
1

]
∈ L′(Y ) where ~ε ∈

{
−1

2 ,+
1
2

}n
, then

‖~δ2‖ = ‖~ε‖+ ‖1‖.
(13.55)

Based on Proposition 13.4.3, we have ‖~ε‖ =
√
n

2 . Thus,

‖~δ2‖ =

√
n

2
+ 1 =

√
n+ 2

2
.

By considering n ∈ N and σ ∈ R with σ ≥ 1, then we have

‖~δ2‖ < ‖~δ1‖.

Consequently,

‖~b∗1‖
‖~δ2‖

>
‖~b∗1‖
‖~δ1‖

latticegap(L
′(Y )) > latticegap(L

′(X)).

Therefore, we showed that the lattice gap in the embedded lattice L′(Y ) that is
derived from the NguyenGGH -CVP instance is larger than the lattice gap in the
embedded lattice L′(X) that is derived from the GGH-CVP instance. That is why
the lattice reduction that performed by the embedding attack on the NguyenGGH -
CVP instance becomes easier compared to the lattice reduction that performed by
the embedding attack on the GGH-CVP instance. Consequently, the embedding
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attack successfully solved the NguyenGGH -CVP instance in the lattice dimensions
of 200 up to 350 and allowing the Nguyen’s attack to completely decrypt the GGH
Internet Challenges in those dimensions.

Other than the lattice gap, the performance of the lattice reduction also influ-
enced by the lattice dimension n. Recall that, the embedded lattice L′(Y ) that is
derived in the NguyenGGH -SVP instance is spanned by the embedded basis Y ∈
R(n+1)×(n+1). On the other hand, the embedded lattice L′(Z) that is derived in the
LeeHahnGGH -SVP instance is spanned by the embedded basis Z ∈ R(n+1)×(n−k+1).
Observe that, the dimension of the embedded lattice L′(Y ) is (n+ 1) while the di-
mension of the embedded lattice L′(Z) is (n − k + 1). Since n, k ∈ N with k < n,
therefore,

dim
(
L′(Z)

)
< dim

(
L′(Y )

)
.

Due to this smaller lattice dimension and the simplification of the GGH-CVP in-
stance to LeeHahnGGH -CVP instance, then the lattice reduction algorithm for solv-
ing the LeeHahnGGH -SVP instance could perform better than the lattice reduction
algorithm for solving the NguyenGGH -SVP instance. That is why the Lee-Hahn’s at-
tack successfully recovered the whole plainetext ~m ∈ Z400 of the final GGH Internet
Challenge while the Nguyen’s attack failed to do so.

After all, the main reason why does the Nguyen’s attack as well as the Lee-
Hahn’s attack succeeded for breaking the GGH cryptosystem in the lattice dimen-
sions beyond 200 while the earlier embedding attacks failed to do so is due to the
simplification of the GGH-CVP instance. The simplification makes the Euclidean
distance between the target vector and the desired lattice vector in the NguyenGGH -
CVP instance as well as the LeeHahnGGH -CVP instance shortened from σ

√
n in the

GGH-CVP instance become
√
n

2 in its simplified forms.
Consequently, the lattice gaps in the embedded lattices L′(Y ) and L′(Z) that are

derived in the NguyenGGH -SVP instance as well as the LeeHahnGGH -SVP instance
respectively become larger than the lattice gap in the embedded lattice L′(X) that
is derived in the GGH-SVP instance. The simplification becomes possible once
the partial information ~m2σ successfully obtained in the elimination stage of the
Nguyen’s attack and elimination stage becomes possible due to the simple structure
of the error vector ~e.

Reconsider the following equation as obtained in elimination stage of the Nguyen’s
attack,

~c+ ~s−B~m
2σ

=
~e+ ~s

2σ

where ~s = {+σ}n. Since the entries of the error vector ~e are randomly selected from
the small set {−σ,+σ} , then the following fractions

~e+ ~s

2σ
∈ Zn

and
~c+ ~s−B~m

2σ
∈ Zn

hold and consequently make that congruence (13.21) below,

~c+ ~s ≡ B~m (mod 2σ)

holds. Solving the congruence (13.21) for the secret vector ~m yields ~m2σ = B−1 (~c+ ~s)
where ~m ≡ ~m2σ (mod 2σ). The obtained vector ~m2σ is the partial information that
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is demanded for allowing the simplification of the GGH-CVP instance becomes pos-
sible.

Clearly, the simple structure of the error vector ~e ∈ {−σ,+σ}n is the major
flaw that being exploited for allowing the simplification process being happened.
That means, the simple structure of the error vector ~e must be modified in order
to prevent the vector ~e from being eliminated. However, this modification must be
done in a proper way. By simply changing this structure, the Euclidean distance
between the ciphertext ~c and the lattice vector ~v = B~m could be affected and
this occurence might induces security and practicality failures. This matter will be
discussed further in the next section.

13.6 Strategy to Rescue the GGH Cryptosystem

Although the Lee-Hahn’s attack seems to be more powerful than the Nguyen’s at-
tack, this attack depends heavily on the Nguyen’s attack. In order to perform the
simplification stage in the Lee-Hahn’s attack, some of the actual values from the
plaintext ~m ∈ Z400 in the final GGH Internet Challenge are required. For that
purpose, the Lee-Hahn’s attack uses the partially decrypted plaintext ~m2σ ∈ Z400

2σ

that is obtained by the Nguyen’s attack. Without the partially decrypted plaintext
~m2σ, it is hard for the Lee-Hahn’s attack to guess some of actual plaintext values
and the attack could not proceed to its simplification stage. Moreover, the sim-
plification stage of the Lee-Hahn’s attack also requires the partial information ~m2σ

to simplify the GGH-CVP instance to the LeeHahnGGH -CVP instance. After all,
we consider the Nguyen’s attack as more hazardous security threats on the GGH
cryptosystem compared to the Lee-Hahn’s attack. We expect that, strengthening
the GGH cryptosystem against the Nguyen’s attack should be sufficient for making
the GGH cryptosystem surviving.

To rescue the GGH cryptosystem against the Nguyen’s attack, the simplification
of the GGH-CVP instance must be avoided to ensure that the instance remains in
its original form. Clearly, Nguyen’s attack could not proceed to its simplification
stage if the elimination stage could be prevented from being happened. The obvious
way to avoid the elimination stage is by replacing the set {−σ,+σ} from which the
entries of the error vector ~e are being selected with other set that could make the
following fraction vector

~e+ ~s

2σ
/∈ Zn

holds so that the following fraction vector could be true

~c+ ~s−B~m
2σ

/∈ Zn

as well. This implies that,

~c+ ~s 6≡ B~m (mod 2σ).

This indicates that, the partial information ~m2σ could not be obtained and con-
sequently the simplification stage could not be done. For that purpose, the set
{−σ,+σ} can be replaced by the set {±σ,±(σ − 1)} as proposed by Nguyen [6].
However, he rejected this idea since the Euclidean distance of the target vector and
the desired lattice vector in the GGH-CVP instance becomes shorter than σ

√
n. As

described before, shorter distance could make lattice gap in the embedded lattice
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larger and consequently makes the GGH cryptosystem insecure again. We suggest
that, this strategy could be implemented only if the distance σ

√
n could be main-

tained. To maintain this distance, the distribution of the entries ±σ and ±(σ−1) in
the vector ~e should be controlled and fixed to certain numbers. The positions could
be random but the numbers of ±σ and ±(σ−1) entries should be controlled so that
the ‖~e‖ is about σ

√
n.

13.7 Conclusion

In this paper, we revisited the GGH cryptosystem that we believe as one of the
most promising cryptographic schemes in the post-quantum cryptography era. Bear
in mind that, the original design of the GGH Cryptosystem was experimentally
shown and analysed to be invulnerable to various attacks when it is implemented
in a lattice dimension beyond 200. All efforts for solving the GGH Internet Chal-
lenge also failed to reach a lattice dimension beyond 200. These invulnerabilities
are possible since all attacks prior the Nguyen’s attack failed to solve the underlying
GGH-CVP instance. Only by simplifying the instance made the Nguyen’s attack
succeeded for breaking the security of the GGH Cryptosystem. We are optimistic
that, it is better to upgrade the security of the GGH Cryptosystem by defeating the
Nguyen’s attack and at the same time maintaining the security reliance of the up-
graded GGH Cryptosystem on the GGH-CVP instance. If such improvement could
be done, then all security features of the GGH Cryptosystem prior the Nguyen’s
attack could be restored. As a conclusion, there is hope, potential and opportunity
for the GGH Cryptosystem to survive and return into the mainstream discussion in
lattice-based cryptography. With its upgraded security, efficiency and practicality,
the GGH Cryptosystem could emerges as one of the most preferable and competitive
cryptographic schemes in the post-quantum cryptography era.
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Abstract

Previous multi step method using a divided difference formulation for solving higher
order ordinary differential equations (ODEs) requires calculating the integration co-
efficients at every step. In the current research, a multi step method in backwards
difference form is established. The backward difference formulation offers a solution
to the tedious calculation of integration coefficients. Rather than calculating inte-
gration coefficients at every step change, a backward difference formulation requires
calculating integration coefficients only once in the beginning and if required once
more at the end. The proposed method will also be equipped with a variable order
step size algorithm to reduce computational cost (calculation time). Both linear and
nonlinear second order ODEs will used to validate the accuracy and efficiency of the
proposed method.

Keywords: ODE, backward difference, multistep method.

14.1 Introduction

Various of science and engineering problems are found in the form of higher order
Ordinary Differential Equations (ODEs). A few examples where these problems can
be found are, in the motion of projectiles, the bending of a thin clamped beam
and growth population. Previously, it was common practice to solve these higher
order ODEs by reducing them to a system of first order equations. These methods
worked, so that methods for solving higher order ODEs were disregarded as robust
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codes. In this research, an efficient algorithm for solving higher order, or in the
current case second order ODEs with Initial Value Conditions (IVCs) directly using
variable order step size method in backward difference formulation is developed.
The advantages of solving second order systems directly compared to reducing it to
first order systems will be apparent.

The approach for solving ODEs using multistep methods was made popular by
authors such as [1–4]. Beginning from reduction to first order method to the current
method of solving higher order ODEs directly. Suleiman in [4] initially proposed
solving higher order ODEs using a divided difference multistep method. This lead
to the current interest of using multistep methods for solving higher ODEs directly.
Suleiman [4] designed a multistep code for solving stiff and nonstiff higher order
ODEs directly without the need for reducing the problems to first order. This
method was regarded as the Direct Integration (DI) method. The drawback of
the proposed DI method was the tedious calculations of the divided differences in
computing integration coefficients at every step change. Current research influenced
by the works of [4] includes research by authors such as [5], [6, 7], [8–10], [11, 12]
and [13–16].

In the current research, a multistep method based on backward difference for-
mulation in predictor-corrector mode is established with variable order step size
capability. The derivation of the proposed method begins as follow.

14.2 Derivation of The Predictor-Corrector Formula-
tion

First consider the second order ordinary differential equation (ODE) in the general
form

y′′ = f(x, y, y′), (14.1)

with Ỹ (α) = η̃ as the initial solution in the interval α ≤ x ≤ β, and the initial value
conditions are given by

Ỹ (x) = (x, y, y′), η̃ = (η, η′). (14.2)

In order to obtain the predictor, the explicit integration coefficients need to be
established.

14.2.1 Explicit Coefficients

For the evaluation of the explicit integration coefficients, yn+1 consider the second
order ODE in (14.1). The derivation begins by integrating equation (14.1), once as
follows

xn+1∫
xn

y′′(xn+1)dx =

xn+1∫
xn

f(x, y, y′)dx. (14.3)

This yields

y′(xn+1) = y′(xn) +

xn+1∫
xn

f(x, y, y′)dx. (14.4)
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Next, f(y, y′) is interpolated by the Newton-Gregory backward difference polyno-
mial, Pn(x)

Pn(x) =
k−1∑
i=0

(−1)i
(
−s
i

)
∇ifn, s =

x− xn
h

. (14.5)

and substituting dx = hds changes the limit of integration, thus giving

y′(xn+1) = y′(xn) +

1∫
0

k−1∑
i=0

(−1)i
(
−s
i

)
∇ifn hds. (14.6)

By denoting, γ1,i by

γ1,i = (−1)i
1∫

0

(
−s
i

)
ds.

and substituting γ1,i into equation (14.6) yields

y′(xn+1) = y′(xn) + h
k−1∑
i=0

γ1,i∇ifn ds, (14.7)

This is followed by defining the generating function, G1(t) of the coefficients γ1,i

as

G1(t) =
∞∑
i=0

γ1,it
i. (14.8)

Then by substituting γ1,i in the generating function as defined in (14.8) and solving
the integral gives

G1(t) = −
[

(1− t)−1

log(1− t)
− 1

log(1− t)

]
. (14.9)

The 2nd order generating function, G2(t) is obtained by integrating equation
(14.1) twice, followed by repeating steps from equation (14.3) to (14.8), hence

G2(t) =

[
1

log(1− t)
− −1

log(1− t)

[
(1− t)−1

log(1− t)
− 1

log(1− t)

]]
. (14.10)

The generating function, G2(t) then can be rewritten in terms of G1(t)

G2(t) =

[
1

log(1− t)
− G1(t)

log(1− t)

]
.

14.2.2 Implicit Coefficients

The implicit integration coefficients can be obtained in a similar manner as the
explicit coefficients with some subtle differences. As the prior, the derivation of
the implicit coefficients also begins with equation (14.3). Again, using the Newton-
Gregory backward difference polynomial to interpolate, f(y, y′) with the difference
of substituting

s =
x− xn+1

h
,
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thus, resulting in

y′(xn+1) = y′(xn) +

0∫
−1

k−1∑
i=0

(−1)i
(
−s
i

)
∇ifn hds. (14.11)

Now, denote γ∗1,i by

γ∗1,i = (−1)i
0∫
−1

(
−s
i

)
ds

which gives

y′(xn+1) = y′(xn) + h
k−1∑
i=0

γ∗1,i∇ifn ds, (14.12)

The implicit generating function, G∗1(t) can be mathematically deduced as the
following formulation

G∗1(t) = −
[

1− (1− t)
log(1− t)

]
(14.13)

which can be generalized as

G∗(d)(t) =
(1− t)
(d− 1)!

[
1

log(1− t)
−

(d− 1)!G∗(d−1)(t)

log(1− t)

]
d = 1, 2. (14.14)

Calculation of the explicit and implicit coefficients directly involving large num-
bers of integration can be tedious and time consuming. To overcome this drawback,
a recurrence relationship between integration coefficients is provided. This enables
for a more efficient code when programming the algorithm. The recurrence relation-
ship can expressed as follows

G∗(d)(t) = (1− t)G(d)(t), d = 1, 2. (14.15)

From the generating function, its corresponding integration coefficients is repre-
sented as

k∑
i=0

γ∗(d),i = γ(d),k (14.16)

14.3 Order and step size criteria

The order and step size selection of a variable order step size algorithm is based on its
acceptance criteria. This acceptance criteria will determine whether to increase the
order and step size. When handling a variable order step size algorithm, determining
the success of an integration step is crucial. The threshold for each integration step
is predetermined by setting an acceptable tolerance level (TOL). The success of

an integration step depends on whether the estimated error, |E(d−p)
k | satisfies the

following local accuracy requirements

TOL >
|E(d−p)

k |
A+B + Pn

(14.17)
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where A and B determines the type of error test used. Hence, every estimated error
that satisfies the local accuracy condition also fulfills the acceptance criteria.

The variable order in a multistep method relies on the back values stored. The
order may be increased if back values from the previous step are retained and may
be decreased simply by relinquishing the appropriate amount of back values. The
order strategies adopted here are similar to strategies proposed in [2].

When implementing a variable step size algorithm, Shampine and Gordon sug-
gests restrictions on ratio of successive step size due to convergence and stability
issues of variable step size techniques to ensure stability. Because the proposed
method is based on the Adams-Bashforth formulation as predictor and Adams-
Moulton formulation as corrector (PECE mode), we adopt the doubling or halving
the step size algorithm from [1] which is implements a step size changing technique
from [17].

14.4 Numerical Results

The tables and figures below show the numerical results for Problems 1 to 3 which
were solved using Direct Integration and Backwards Difference method directly. Nu-
merical result for methods that reduces second order ODES to first order systems
are also included as a benchmark. In this section, numerical result includes the
evaluation of maximum and average values of the error in the computed solution
y. The efficiency of the 1PBD will be validated by comparing results of obtain by
Suleiman’s DI method.

Following are abbreviation used in this section
TOL: Tolerance level
MTHD: Method
TS: Total steps
FS: Fail steps
MAX: Maximum error (exponent of 10)
AVE: Average error (exponent of 10)
TIME: Execution time in micro seconds
D1: Reduction to first order divided difference method
D1: Reduction to first order backward difference method
DI: Direct Integration method
1PBD: 1 Point Backward Difference method
TTS: Truncated Taylor Series
RTA: Rational Approximation

Problem 1:(source: Suleiman [18])

y′′1(x) = −y1

r3
, , y′′2(x) = −y2

r3
, r =

(
y2

1 + y2
2

) 1
2 0 ≤ x ≤ 16π.

Initial condition

y1(0) = 1 y′1(0) = 0, y2(0) = 0, y′2(0) = 1.

Exact Solution

y1(x) = cosx, y2(x) = sinx.
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Problem 2:(source: Rasedee [19])

y′′(t) = 2y3(t) + ty(t) + µ, 0 ≤ x ≤ 5

Initial condition

y (0) = 1, y′ (0) = 0.

Exact Solution

unknown

Problem 3:(source: Rasedee [20])

y′′(x) + y(x) + y′(x) + y2(x)y′(x) = 2 cosx− cos3 x, 0 ≤ x ≤ 100

Initial condition

y(0) = 0, y′(0) = 1,

Exact Solution

y(x) = sinx

Table 1 and 3 displays numerical results for problem 1 and 3. The results dis-
played compares steps taken, accuracy and computational cost between the D1, B1,
DI and 1PBD method. The D1 and B1 method are the traditional reduction to
first order method, where as the DI and 1PBD method are direct solution methods.
Reduction to first order methods are used as benchmarks to validate the viability of
the direct method. Table 2 on the other hand, provide approximation of a problem
without any known solution. In this table, the accuracy of the 1PBD method is test
against more established methods.

Numerical result shown in Table 1 are results for nonlinear second order ODE
with periodic solution (two body problem). Result shows the superiority of the
1PBD method in terms of accuracy and computational cost and its competitiveness
in steps taken, especially at tolerance 10−10 where the difference in steps required
is more than 100 compared to its nearest rival.
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Table 14.1: Numerical results of D1, B1, DI and 1PBD method for problem 1.

TOL MTHD TS FS MAX AVE TIME
10−2 D1 113 5 8.80309(-2) 1.19400(-1) 2078

B1 89 3 2.07488(-1) 6.87734(-2) 1628
DI 76 1 8.78700(-2) 2.56159(-2) 969

1PBD 71 0 1.17774(-1) 1.70700(-2) 969
10−4 D1 151 2 4.30130(-3) 5.45887(-3) 3024

B1 170 1 5.37539(-4) 1.06165(-4) 3169
DI 94 1 4.25614(-3) 1.53472(-3) 1284

1PBD 149 0 5.05592(-6) 1.21782(-3) 1951
10−6 D1 275 3 1.80685(-6) 1.81711(-6) 5227

B1 121 0 1.38184(-5) 2.65555(-6) 4077
DI 179 1 3.15166(-4) 1.29162(-4) 2294

1PBD 176 0 5.88468(-6) 2.26518(-6) 2272
10−8 D1 348 2 3.49871(-8) 2.75009(-8) 6310

B1 424 2 4.59227(-7) 1.19307(-7) 5367
DI 205 0 6.69118(-5) 2.76364(-5) 8665

1PBD 209 0 6.96499(-8) 2.35911(-8) 2664
10−10 D1 526 9 3.45300(-9) 2.61398(-9) 9866

B1 475 10 7.88269(-9) 1.39352(-9) 8822
DI 370 0 1.44822(-7) 5.81042(-8) 4639

1PBD 248 0 4.13390(-9) 8.63144(-10) 3109

Figure 14.1: Efficiency of D1, B1, DI and 1PBD method for problem 1.

Table 2 contains results for a Riccatti type second order ODE without any exact
solution. This problem was selected because of its level of difficulty. The 1PBD
method is then compared against TTS ( [21]) and RTA ( [22]) methods which ac-
curacy has been established for solving second order ODEs. Results in the current
table reflects the accuracy of the proposed 1PBD method. The accuracy of the
1PBD increases when using smaller tolerances, to the point of matching accuracy
provided by the TTS and RTA methods.

Table 3 provide results of approximated solution for Problem 3. Problem 3 is a
Duffing type second order ODE and was selected for this research to test real life
application problems. The selected problem has similar features with oscillatory
problems with damping force. Numerical results provided in Table 3 shows the
advantage of the 1PBD method in terms of accuracy and total step size over its
counterpart, the DI method. The 1PBD out performs the DI method in least number
of steps required at every tolerance. In terms of accuracy, the 1PBD method shows
to be superior at almost every tolerance level with the exception of TOL= 10−2.
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Table 14.2: Comparison of accuracy for problem 2.

t 1PBD TTS RTA

TOL= 1× 10−2 TOL= 1× 10−5 TOL= 1× 10−10

0.0 1.00000(0) 1.00000(0) 1.00000(0) 1.00000(0) 1.00000(0)
0.2 1.07160(0) 1.06262(0) 1.06261(0) 1.06260(0) 1.06260(0)
0.4 1.27252(0) 1.27417(0) 1.27415(0) 1.27420(0) 1.27420(0)
0.6 1.72688(0) 1.72542(0) 1.72538(0) 1.72540(0) 1.72540(0)
0.8 2.80714(0) 2.73708(0) 2.73694(0) 2.73690(0) 2.73690(0)
1.0 6.89972(0) 6.31186(0) 6.31100(0) 6.31100(0) 6.31040(0)

Table 14.3: Comparison of total steps and accuracy for problem 3.

TOL MTD STEPS MAXE AVER

10−2 DI 254 8.49079(−2) 2.04794(−2)
1PBD 217 1.07600(−1) 3.03894(−2)

10−4 DI 332 1.54704(−3) 4.72630(−4)
1PBD 284 1.24649(−3) 1.92899(−4)

10−6 DI 382 4.24089(−5) 1.56849(−5)
1PBD 330 1.28039(−5) 3.26641(−6)

10−8 DI 651 7.93605(−7) 1.55130(−7)
1PBD 499 7.27324(−7) 1.46368(−7)

10−10 DI 772 7.83863(−9) 2.03721(−9)
1PBD 702 9.05773(−9) 1.01381(−9)

Figure 1 illustrates the efficiency of the D1, B1, DI and 1PBD method where
as, Figure 2 provides a clear comparison of efficiency between the DI and 1PBD
method. Efficiency of the methods is adopted from definition in [16], where the
efficiency is illustrated by undermost curve of the provided graphs. The efficiency of
the proposed method is clearly presented in both figures where the 1PBD method
is the under most curve of all four methods.

Figure 14.2: Efficiency of DI and 1PBD method for problem 3.
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14.5 Conclusion

By justifications above, the 1PBD method proves to be a viable option for solving
second order ODEs.
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Abstract

The study of boundary layer flow of water based nanofluids containing single (SWC-
NTs) and multi-walled (MWCNTs) carbon nanotubes past a moving plate is inves-
tigated with the effect of second order slip flow. After initiating the appropriate
similarity variables, the resulting nonlinear ordinary differential equations are ob-
tained. The system of equation is computed numerically using the bvp4c solver from
Matlab. Influences of the selected values of parameters involved in the governing
equations such as first and second order slip parameter, velocity ratio parameter and
nanoparticle volume fraction parameter on the velocity, temperature, skin friction
coefficient and local Nusselt number are explained graphically. It is revealed that
for a certain range of the velocity ratio parameter i.e., the plate moves in opposite
direction, dual solutions exist. Existence of slip parameter also increase the range of
solution and heat transfer rate, whereas the skin friction decreased. We found that
SWCNTs have a greater impact in heat transfer rate than MWCNTs. A stability
analysis is executed to verify which solution is linearly stable and its physical prop-
erties could be realizable.

Keywords: Carbon nanotube, Moving plate, Second order slip, Stability analy-
sis.

15.1 Introduction

Conventional heat transfer fluids limit the performance of the heat exchangers used
in automobiles due to the poor heat transfer properties. It is essential to improve
the cooling capabilities by using the technology of nanofluids. Nanotechnology have
a great contribution to thermal science engineering by suspending particles with
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nanometer-sized into base fluids and thus it helps in improving the thermal charac-
teristics, thereby increase the heat transfer coefficient. In 1991, Iijima [1] discovered
a thin needle-like tube during electron microscopy observation and it is proved to
have a graphite structure which known as carbon nanotubes (CNTs) composed of
multi-wall tubes. Later, Iijima and Ichihashi [2] found a single-wall carbon nan-
otubes on 1993. Carbon nanotubes have numerous applications including cooling,
electrical conductivity, biomedical and many more. Therefore, many researchers
tend to focus their research on CNTs due to its excellent thermal conductivity and
mechanical properties [3–5]. Xue [6] presented the new model of effective thermal
conductivity of CNTs-based composites by considering its orientation distribution.
This model has been used by many researchers in their work [7–13].

The study of the flow caused by continuous flat surface has many practical ap-
plications, for instance the material handling conveyer, aerodynamic extrusion of
plastic sheet, insulating materials, fine-faber matts and many more. Sakiadis [14]
was the one who investigated theoretically the flow through an otherwise quiescent
fluid on the moving surface. A considerable amount of work on moving plate has
been reported in review papers [15–20] The pioneering work on nanofluid over a
moving plate has been studied by Bachok et al. [21] and reported that non-unique
solution exists in the case when the plate does not moves in the same manner with
the free stream. It should be noted that the same research results are obtain by
considering different effects [22]. Weidman et al. [13] performed the stability of flow
and conclude that first upper branch solution is stable and the second lower branch
solution is not stable. Afterwards, Najib et al. [24] and Jahan et al. [25] implement
the stability analysis in their research on moving surface of nanofluid.

In the last few years, the slip flow has taken into consideration because of there
are plenty applications where we cannot ignore the slip condition. Therefore, Wu [26]
come up with a new formulation for the second-order slip model. Later on, many
authors applied Wu’s model in their work [27–29][29–31]. The research done by
Rosca and Pop [30, 31] and Soid et al. [32] shows that duality exist for shrinking
surface with the effect of second order slip. Most recently, the stability of flow
considering second order slip was reported by Yasin et al. [33] and Najib et al. [34]. In
carbon nanotubes, all these kind of flow and heat transfer issues were not considered
yet.

The main idea of this research is to continue the work of Bachok et al. [21] with
second order slip immersed in single-wall and multi-wall carbon nanotubes. We
believe that there is no research done for this flow in carbon nanotubes. The results
obtained are original and interesting for nanotechnology application.

15.2 Methodology

15.2.1 Mathematical Formulation

An incompressible boundary layer flow of carbon nanotubes past a moving plate with
second order slip effects is investigated. The plate is considered to move along the
x−axis with constant velocity Uw in opposite or same ways to the free stream velocity
U∞, while y−axis is perpendicular to the plate. The corresponding equations of
boundary layer flow can be presented as [21,35]

ux + vy = 0, (15.1)
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uux + vuy =
µnf
ρnf

uyy, (15.2)

uTx + vTy =
knf

(ρCp)nf
Tyy, (15.3)

along with the appropriate boundary conditions

u = Uw + L1uy + L2uyy, v = vw, T = Tw at y = 0, (15.4)

u→ U∞, T → T∞ as y →∞,

where the velocity components in x and y direction are (u, v), L1 and L2 are the
slip factor, which are given by

L1 = L(Rew +Re∞)1/2 and L2 = L(Rew +Re∞), (15.5)

where L is the initial value of slip factor, Rew = Uwx/νf and Re∞ = U∞x/νf are
the Reynolds number depends on the plate velocity and free stream, respectively,
where νf is the kinematic viscosity of the fluid. µnf , αnf and ρnf are the viscosity,
thermal diffusivity and density of the nanofluids which are given by [17]:

µnf =
µf

(1− ϕ)2.5
,

knf
kf

=

1− ϕ+ 2ϕ
kcnt

kcnt − kf
ln
kcnt + kf

2kf

1− ϕ+ 2ϕ
kf

kcnt − kf
ln
kcnt + kf

2kf

, (15.6)

ρnf = (1− ϕ)ρf + ϕρcnt, (ρCp)nf = (1− ϕ)(ρCp)f + ϕ(ρCp)cnt.

Here, µ is the viscosity,k is the thermal conductivity, (ρCp) is the heat capacity,
ρ is the density while ϕ is the nanoparticle volume fraction where the subscript cnt,
nf and f refer to carbon nanotube, nanofluid and fluid, respectively. We employed
the term for thermal conductivity from Xue [6] where the model considered the
impact of CNT’s space distribution based on Maxwell theory.

Following the similarity transformation approach, the new variables are intro-
duced:

η =

(
U

νfx

) 1
2

y, ψ = (νfxU)
1
2 f(η), T = (Tw − T∞)θ(η) + T∞, (15.7)

where η is the similarity variable, θ(η) is the dimensionless temperature, U = Uw +
U∞ is the composite velocity [39] and the stream function ψ is introduced as u =
∂ψ/∂y and v = −∂ψ/∂x. Using (15.7), equation (15.1) is satisfied.

We considered vw = −1

2

(
νfU

x

)1/2

s, where s > 0 represents suction, s < 0

represents injection and s = 0 for impermeable surface. Using the variables defined
by equation (15.7), equations (15.1)–(15.3) may be rewritten as:

1

(1− ϕ)2.5(1− ϕ+ ϕρcnt/ρf )
f ′′′ +

1

2
ff ′′ = 0, (15.8)

1

Pr

knf/kf
(1− ϕ+ ϕ(ρCp)cnt/(ρCp)f )

θ′′ +
1

2
fθ′ = 0, (15.9)

the boundary conditions now take the following forms:

f(0) = s, f ′(0) = λ+ σf ′′(0) + δf ′′′(0), θ(0) = 1, (15.10)
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f ′(η)→ 1− λ, θ(η)→ 0, as η →∞,

where prime refers to differentiation with respect to η. Meanwhile, Pr, λ, σ and δ
are the Prandtl number, velocity parameter, first order slip and second order slip,
respectively. These parameters are declared as follows:

Pr =
νf
αf
, λ =

Uw
U
, σ = L

U

νf
, δ = L

(
U

νf

)2

. (15.11)

The skin frictions coefficient Cf and local Nusselt number Nux are given by:

Cf =
τw
ρfU2

, Nux =
xqw

kf (Tw − T∞)
, (15.12)

with τw and qw are the surface shear stress and local heat flux which are defined as:

τw = µnf

(
∂u

∂y

)
y=0

, −knf
(
∂T

∂y

)
y=0

, (15.13)

using equation (15.7) and (15.13) into (15.12), we obtain:

CfRe
1/2
x =

1

(1− ϕ)2.5
f ′′(0), NuxRe

−1/2
x = −

knf
kf

θ′(0), (15.14)

where Rex = Ux/νf is the local Reynolds number.

15.2.2 Stability Analysis

We need to consider the unsteady state of our governing model in order to con-
duct the stability of the solution for the current problem. The unsteady governing
equations can be written as follows:

ut + uux + vuy =
µnf
ρnf

uyy, (15.15)

Tt + uTx + vTy =
knf

(ρCp)nf
Tyy. (15.16)

The new dimensionless similarity variables and time variable τ are introduced,
hence equation (15.7) can be replaced by:

η =

(
U

νfx

) 1
2

y, ψ = (νfxU)
1
2 f(η, τ), (15.17)

T = (Tw − T∞)θ(η, τ) + T∞, τ =
U

x
t,

the governing equations (15.15) and (15.16) become

1

(1− ϕ)2.5(1− ϕ+ ϕρcnt/ρf )

∂3f

∂η3
+

1

2
f
∂2f

∂η2

+ τ

(
∂f

∂η

∂2f

∂η∂τ
− ∂f

∂τ

∂2f

∂η2

)
− ∂2f

∂η∂τ
= 0, (15.18)

1

Pr

knf/kf
(1− ϕ+ ϕ(ρCp)cnt/(ρCp)f )

∂2θ

∂η2
+

1

2
f
∂θ

∂η
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+ τ

(
∂f

∂η

∂θ

∂τ
− ∂f

∂τ

∂θ

∂η

)
− ∂θ

∂τ
= 0, (15.19)

The boundary conditions (15.4) are in following forms:

f(0, τ) = s,
∂f

∂η
(0, τ) = λ+ σ

∂2f

∂η2
(0, τ) + δ

∂3f

∂η3
(0, τ), θ(0, τ) = 1, (15.20)

∂f

∂η
(η, τ)→ 1− λ, θ(η, τ)→ 0, as η →∞,

The stability of the solution f(η) = fo(η) and θ(η) = θo(η) that meet equations
(15.1)–(15.4) can be determined by incorporating the analysis that recommended
by Merkin [12] and Weidman et al. [13]:

f(η, τ) = fo(η) + eγτF (η, τ), θ(η, τ) = θo(η) + eγτG(η, τ), (15.21)

here, function F (η, τ) is small in comparison with fo(η), G(η, τ) is relatively small
compared to θo(η) and γ is the unknown eigenvalue. To determine the initial growth
or decay of the solutions, the stability of fo(η) and θo(η) are determined by defining
τ = 0 and thereby F (η) = Fo(η) and G(η) = Go(η). Hence, we obtained a final
equation:

1

(1− ϕ)2.5(1− ϕ+ ϕρcnt/ρf )
F ′′′o +

1

2

(
foF

′′
o + f ′′o Fo

)
+ γF ′o = 0, (15.22)

1

Pr

knf/kf
(1− ϕ+ ϕ(ρCp)cnt/(ρCp)f )

G′′o +
1

2

(
foG

′
o + θ′oFo

)
+ γGo = 0, (15.23)

subjected to the boundary conditions:

Fo(0) = s, F ′o(0) = λ+ σF ′′o (0) + δF ′′′o (0), Go(0) = 0, (15.24)

F ′o(η)→ 0, Go(η)→ 0 as η →∞.

The stability of solutions obtained depends on the lowest number of eigenvalues
γ. The flow is considered stable if the lowest eigenvalue is positive, meanwhile the
flow is unstable if the obtained lowest eigenvalue is negative. The domain of potential
eigenvalues can be identified by relaxing Fo(η) on our boundary condition, see [18].
In this study, the boundary condition of F ′o(η) → 0 as η → ∞ need to be relaxed
and replaced by F ′′o (0) = 1.

15.3 Results

Using the bvp4c solver in Matlab, the ordinary differential equations (15.8) and
(15.9) together with conditions (15.10) are solved numerically. By guessing different
initial values, dual solutions were obtained and both profiles satisfy the boundary
condition (15.10) asymptotically. Table 15.1 shows thermophysical properties of
water, SWCNT and MWCNT used for this paper. Figures 15.1 and 15.2 show the
reduced skin friction f ′′(0) and heat transfer −θ′(0) with velocity ratio parameter
λ for different value of first order slip parameter (σ = 0, σ = 0.2, σ = 0.4) of the
SWCNT suspended nanofluids. The skin friction f ′′(0) and heat transfer −θ′(0)
increases with the increase of first order slip parameter σ for the first solution and
decrease with σ for the second solution in the absence of second order slip parameter.
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The figures also verify that unique solution only occur when λ > 0, while there exist
dual solutions in between λc < λ < 0, i.e., when the plate moves in the opposite
direction from the free stream. When the values of σ increased (|δ| is absent), the
range of solution tends to be wider.

Table 15.1: Thermophysical properties of water, SWCNT

and MWCNT (Khan et al. [7])

Physical Properties
Nanoparticle Base fluid

SWCNT MWCNT Water

ρ(kg/m3) 2 600 1 600 997
Cp(J/kgK) 425 796 4179
k(W/mK) 6 600 3 000 0.613
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Figure 15.1: Variation of f ′′(0) with σ
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Figure 15.2: Variation of −θ′(0) with σ

The effects of second order slip parameter (δ = 0, δ = −0.2, δ = −0.4) on the skin
friction f ′′(0) and heat transfer −θ′(0) are illustrated in Figures 15.3 and 15.4. One
can observed that when only the second order slip parameter |δ| is considered, the
heat loss from the plate become more quickly. Plus, the increasing values of |δ| will
accelerates the −θ′(0) and f ′′(0) from the surface. The increase of the second order
slip parameter tends to expand the range of solution widely. Therefore, the second
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order slip parameter leads to narrow the region of solutions while the first order slip
parameter results in broaden the region of solutions. Nevertheless, the presence of
slip parameters (σ and δ) causes the enlargement of the range of solutions.
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Figure 15.3: Variation of f ′′(0) with δ
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Figure 15.4: Variation of −θ′(0) with δ

Figures 15.5 and 15.6 depict the effect of solid volume fraction parameter ϕ on
skin friction f ′′(0) and heat transfer −θ′(0) for the MWCNT suspended nanofluids.
Different observations are seen for the increment of solid volume fraction parameter
where an increase in solid volume fractions caused the decreased in f ′′(0) and −θ′(0).
Basically, increasing number of Carbon nanotubes immersed in water will increase
the viscosity of the fluid and results in a decrease in fluid’s velocity. It is obviously
seen from Figures 15.1 – 15.6, a unique solution exists when 0 < λ < 1 (the plate
moves in the assisting direction of the fluid), dual solutions were found for λc ≤ λ ≤ 0
(the plate moves against the direction of the fluid) and no solution was reported for
λ < λc.
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The impact of slip (σ and δ) parameters on the skin friction coefficient CfRe
1/2
x

and local Nusselt number NuxRe
−1/2
x given by equation (15.14) with the solid vol-

ume fraction parameter ϕ are illustrated in figures 16.7 and 16.8. These figures

indicate that the CfRe
1/2
x decrease remarkably when the slip parameters (σ and |δ|)

is increased. On the other hand, NuxRe
−1/2
x was observed to be increased when the

slip parameters increased. Also, these figures show that MWCNT have dominant
impact on skin friction coefficient when compare with SWCNT. While for the case
heat transfer rate, SWCNT are more dominant than MWCNT. Furthermore, the

CfRe
1/2
x and NuxRe

−1/2
x seems to increase as the ϕ increase.
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Finally, the impact of first and second order slip parameters (σ and δ) on the
velocity f ′(η) and temperature θ(η) profiles are presented in Figures 16.9 — 15.12.
The boundary conditions (15.10) are met asymptotically, supporting the validity
of the numerical results obtained. In addition, these profiles also validate the dual
solution obtained in Figures 15.1 – 16.8. Further, it is obviously seen that the second
solution shows a thicker boundary layer thickness than the first solution.
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Figure 15.9: Velocity profile with σ
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In the current research, the stability of solution has been performed to identify
whether the first or second solution is stable and physically relevant or acts in
opposite manner. The system of linear eigenvalue problems (15.22) and (15.23) with
the new boundary condition (15.24) are applied into bvp4c code to determine the
lowest eigenvalues γ. The flow is claimed as stable flow when the lowest eigenvalues
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γ is positive and the flow is unstable when the lowest eigenvalues is negative. Table
15.2 displays the lowest eigenvalue for the variables value of λ with different values
of slip parameters when ϕ = 0.1 for water-SWCNT. The results indicate that the
eigenvalue is positive for first branch of solution and negative for second branch of
solution. We can therefore verify that the first solution was physically stable, while
the second solution was unstable.

Table 15.2: Smallest eigenvalues γ for λ with selected values of σ and δ when s = 0.2

σ δ λ First solution Second solution

0.1 -0.1
-0.803 0.0136 -0.0131
-0.75 0.1136 -0.0849
-0.6 0.2363 -0.1267

0.2 -0.2
-0.905 0.0183 -0.0175
-0.85 0.1106 -0.0856
-0.7 0.2235 -0.1307

0.4 -0.4
-1.215 0.0174 -0.0168
-1.2 0.0505 -0.0461
-1.0 0.1930 -0.1347

15.4 Conclusion

In this study, the numerical solution is obtained for the effect of second order slip
on boundary layer flow and heat transfer over a moving plate in carbon nanotubes.
We can summarize that dual solutions obtain when the plate moves in opposing
direction with free stream (λ < 0). It is also found that slip parameters (first
and second order) widens the range of solution and increase the heat transfer rate
while the opposite behavior shown for skin friction coefficient when the plate and
free stream moves in the same direction (λ > 0). Additionally, the increament
in nanoparticle volume fraction parameter expand the region of the solutions. It
is seen that SWCNTs is more effective in cooling process compared to MWCNTs.
The stability analysis shows that the first solution was stable, whereas the second
solution was unstable.
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Abstract

An analysis has been done to examine the boundary layer flow of an electrically
conducting nanofluid passing through a horizontal thin needle. The resulting sys-
tem of ordinary differential equation is obtained via similarity transformations. The
Bvp4c solver in MATLAB software is applied to compute the numerical solution.
The results for the local Nusselt number, skin friction coefficient and profiles are
graphically portrayed with respect to the parameters of interest. The results ob-
tained have shown that the multiple solutions are available in a certain region of the
velocity ratio parameter. Stability analysis is applied to verify which of the solutions
obtained are stable. It is noticed that the stable solution is represented by the upper
branch solution.

Keywords: magnetic field, thin needle, dual solutions, stability analysis.

16.1 Introduction

The consideration of the boundary layer behavior around a thin needle is an essen-
tial appearance of flow occurring in a broad range of industrial and technological
applications. For example, geothermal power generation, transportation, aerospace,
metal spinning and coating of wires. It appears that the problem involving the
boundary layer analysis in a viscous fluid near a thin needle has been first analyzed
by Lee [1]. In his work, he derived an approximation solution and established the
asymptotic behaviors of the fluid motion. Since then, many authors [2–5] consid-
ered the problems involving the momentum and energy transfer with the presence
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of several effects such as magnetic field, thermal radiation, buoyancy force and mov-
ing surface. Krishna et al. [6] considered the study of the thin needle with the
appearance of magnetic field. From their studies, it is noticed that the larger mag-
netic parameter enhances the resistive force, subsequently decrease the velocity and
thicken the thermal boundary layer.

Nanofluid simply means a combination between the nanoparticles and base fluid
with dimensions smaller than 100 nm. This fluid has been developed a decade ago by
Choi [7] with the specific target to increase the performance of heat transfer fluids in
high-technology applications. Previously, the usage of the conventional heat transfer
fluids which include ethylene glycol, water and oil less affected the performance of
heat transfer. Since nanofluid was introduced, it’s become one of the important
factors to overcome the limitation of conventional heat transfer fluid. Most of the
systems, nowadays, had considered nanofluid as a cooling device due to its role to
increase the performance of thermal conductivity of manufacturing purposes and
reduces the operating costs as well. The comprehensive references on the nanofluid
are reported by some researchers [8–11].

The consideration of the stability analysis has attracted many authors due to the
stable solutions has a good physical meaning which can be realized. The procedure
of this analysis was developed by Merkin [12]. Motivated from Merkin [12] work,
Weidman et al. [13] continued their research by considering the stability analysis. In
their research, they noticed that the stable solution came from the upper branch or
first solution. Since then, many problems involved the stability analysis were carried
out [14–16].

The purpose of the current research is to explore the impact of the magnetic
parameter on the boundary layer flow and heat transfer over a moving thin needle
in nanofluid. The following sections discuss the derivation of the problem and also
the results obtained from this study.

16.2 Mathematical Modeling

Let us consider a moving slender needle in the boundary layer flow of a nanofluid
at constant far field temperature T∞. Let (u, v) be the velocity components of x

and r directions, respectively with r = R(x) = (νcx/U)1/2 is the needle radius. It
is assumed the needle moves with a constant velocity Ub in the opposite or same
way of free-stream of constant velocity U∞. The magnetic field of strength B0 is
imposed perpendicular to x-axis and the fluid is electrically conducting. In this way,
the equations that govern the MHD flow are

(ru)x + (rv)r = 0, (16.1)

uux + vur =
µnf
ρnf

1

r
(rur)r −

σ

ρnf
B2

0u, (16.2)

uTx + vTr =
αnf
r

(rTr)r , (16.3)

and the boundary conditions

u = Ub, v = 0, T = Tb at r = R(x),

u→ U∞, T → T∞ as r →∞, (16.4)
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in which T is the nanofluid temperature, Tb is the temperature of the wall, µ is the
dynamic viscosity, ρ is the density, k is the thermal conductivity, Cp is specific heat
at a uniform pressure and α is the thermal diffusivity where subscripts ‘s’, ‘f ’ and
‘nf ’ refer to ‘solid’, ‘base fluid’ and ‘nanofluid’, respectively.

Following Oztop and Abu-Nada [17], the applied relation for the physical prop-
erties of nanofluid are

αnf =
knf

(ρCp)nf
, µnf =

µf
(1− φ)2.5

,
knf
kf

=
(ks + 2kf )− 2φ(kf − ks)
(ks + 2kf ) + φ(kf − ks)

,

ρnf = (1− φ) ρf + φρs, (ρCp)nf = (1− φ) (ρCp)f + φ (ρCp)s , (16.5)

where φ is the nanoparticle volume fraction parameter. We introduce the similarity
transformations below

ψ = νxf(η), η =
Ur2

νx
, θ(η) =

T − T∞
Tw − T∞

, (16.6)

where the stream function ψ(x, r) is introduced as u = r−1∂ψ/∂r and v = −r−1∂ψ/∂x.
Using equation (16.6), equation (16.1) is fulfill, and then equations (16.2) and (16.3)
give

2

D1

(
ηf ′′′ + f ′′

)
+ ff ′′ − M

D2
f ′ = 0, (16.7)

2

Pr

D3

D4

(
ηθ′′ + θ′

)
+ fθ′ = 0, (16.8)

where

D1 = (1− φ)2.5 [1− φ+ φ (ρs/ρf )] , D2 = [1− φ+ φ (ρs/ρf )] ,

D3 = knf/kf , D4 = 1− φ+ φ (ρCp)s / (ρCp)f .

The appropriate boundary conditions are

f(c) =
ε

2
c, f ′(c) =

ε

2
, θ(c) = 1,

f ′(η)→ 1− ε
2

, θ(η)→ 0 as η →∞. (16.9)

Here, prime refer to differentiation with associate to similarity variable η, M =
σxB2

0/2Uρf is the magnetic parameter, Pr = ν/α is a Prandtl number and ε = Ub/U
is the velocity ratio or moving parameter with U = Ub + U∞.

The coefficient of skin friction and local Nusselt number are

Cf =
µnf (ur)r=c
ρfU2

,=
4

(1− ϕ)2.5
Re−1/2

x c1/2f ′′(c), (16.10)

Nux =
−xknf (Tr)r=c
kf (Tw − T∞)

= −2
knf
kf

Re1/2
x c1/2θ′(c), (16.11)

in which Rex = Ux/ν is a local Reynold number.
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16.3 Stability Analysis

In this section, the derivation for stability analysis has been done by considering the
equations (16.2) and (16.3) in unsteady case as follows

ut + uux + vur =
µnf
ρnf

1

r
(rur)r −

σ

ρnf
B2

0u, (16.12)

Tt + uTx + vTr =
αnf
r

(rTr)r , (16.13)

where t denote the time. The similarity transformations in unsteady case are

ψ = νxf(η, τ), η =
Ur2

νx
, θ(η, τ) =

T − T∞
Tw − T∞

, τ =
2Ut

x
. (16.14)

Afterward, replacing equation (16.14) into mass and energy equations (16.12) and
(16.13) to get

2

D1

(
η
∂3f

∂η3
+
∂2f

∂η2

)
+ f

∂2f

∂η2
− M

D2

∂f

∂η
+ τ

∂f

∂η

∂2f

∂η∂τ
− τ ∂f

∂τ

∂2f

∂η2

− ∂2f

∂η∂τ
= 0, (16.15)

2

Pr

D3

D4

(
η
∂2θ

∂η2
+
∂θ

∂η

)
+ f

∂θ

∂η
+ τ

∂f

∂η

∂θ

∂τ
− τ ∂f

∂τ

∂θ

∂η
− ∂θ

∂τ
= 0. (16.16)

The boundary conditions are

f(c, τ) = τ
∂f

∂τ
(c, τ) +

ε

2
c,

∂f

∂η
(c, τ) =

ε

2
, θ(c, τ) = 1,

∂f

∂η
(η, τ)→ 1− ε

2
, θ(η, τ)→ 0 as η →∞. (16.17)

According to Weidman et al. [13], we assume

f(η, τ) = f0(η) + e−γτF (η, τ), θ(η, τ) = θ0(η) + e−γτG(η, τ). (16.18)

Thus, the stability solution f = f0(η) and θ = θ0(η) that meet the boundary value
problem can be determined. Here, functions F (η, τ) is small relative to f0(η), G(η, τ)
is small relative to θ0(η) and γ is the eigenvalue parameter.

Replacing equation (16.18) into equations (16.15)-(16.16), we finally get the equa-
tions for the linear eigenvalue

2

D1

(
ηF ′′′0 + F ′′0

)
+ f0F

′′
0 + f ′′0F0 −MF ′0 + γF ′0 = 0, (16.19)

2

Pr

D3

D4

(
ηG′′0 +G′0

)
+ f0G

′
0 + F0θ

′
0 + γG0 = 0, (16.20)

with respect to the conditions (16.17)

F0(c) = 0, F ′0(c) = 0, G0(c) = 0

F ′0(η)→ 0, G0(η)→ 0, as η →∞. (16.21)

Harris et al. [18] recommend that the minimum eigenvalues γ can be computed by
relaxing the boundary condition on G0(η) or F0(η). In this study, we decided to
relax the condition on F0(η)→ 0 as η →∞, and replace the condition by F ′′0 (c) = 1.
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16.4 Discussion of Results

The interesting behaviors of all embedding physical parameters which include needle
thickness c, nanoparticle volume fraction φ, magnetic parameter M and velocity
ratio ε are highlighted in this section. The nonlinear self-similar equations (16.7)
and (16.8) together with the boundary conditions (16.9) are computed via bvp4c
package through MATLAB software. The detail explanation of the bvp4c package
are elaborated in the work of Salleh et al. [16]. The thermo physical properties of
the base fluid, alumina (Al2O3), titania (TiO2) and copper (Cu) are reported in
Oztop and Abu-Nada [17] work.

Figures 1 and 2 are sketched to analyze the effect of magnetic parameter on
reduced skin friction f ′′(c) and reduced Nusselt number −θ′(c) for varying values
of velocity ratio parameter ε. It is seen from these figures that the higher rate of
magnetic field reduces both magnitudes of f ′′(c) and −θ′(c). The large magnetic
field causes a large barrier to the fluid particles and as a consequence, heat will
be generated in the system. Hence, there exists a Lorentz force that is a friction
caused by the foisting of magnetic field. The friction and temperature of the wall
will decrease due to the presence of this force that distracts the nanofluid motion
over a thin needle. It is interesting to know that the smaller magnetic parameter
expands the possible range of the dual similarity solutions exist. However, there is
a limitation for the dual solutions exist where the value of ε must be in between
εc < ε ≤ −0.6 for f ′′(c), while εc < ε ≤ −1.6 for −θ′(c). On the other hand, no
solutions were obtained for ε < εc. When the needle is not in the same way as the
free-stream flow (ε < 0), the multiple solutions are seem to appear as shown in both
figures.
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Figure 16.1: Impact of M on reduced skin friction
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Figure 16.2: Impact of M on reduced Nusselt number

The impact of needle thickness c on the variation of reduced skin friction and
reduced Nusselt number is plotted in figures 3 and 4 with ε for M = 0.02. It is
clear from the figures that the thinner surface of the needle gives higher magnitudes
of reduced skin friction and also heat transfer. Basically, the reduction of needle
thickness causes the wall in contact with the fluid particles to decrease and conse-
quently, increases the skin friction. In addition, the thinner wall also allows heat to
seep quickly than the thicker one. In these figures, the dual similarity solutions are
noticed to appear when εc < ε ≤ −0.6 for the skin friction and when εc < ε ≤ −2.0
for the heat transfer.
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Figure 16.3: Impact of c on reduced skin friction
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Figure 16.4: Impact of c on reduced Nusselt number

In addition, Figure 5 is plotted to see the influence of the varying magnetic pa-
rameter and nanoparticle volume fraction on the skin friction coefficient (Rex)1/2Cf .
It is obvious from this figure that by enhancing the magnetic field rate, the magni-
tude of skin friction seems to decrease. This follows that an increment in the mag-
netic parameter thickens the boundary layer thickness for momentum and causing
less shear stress occurs. This, subsequently, diminishes the coefficient of skin fric-
tion on the wall. Furthermore, the skin friction coefficient seems to increase as the
φ increase. Physically, higher collision between the base fluid particles and nanopar-
ticles causing the following situation to occur. The variation trend of local Nusselt
number (Rex)−1/2Nux versus φ for different nanoparticles, namely, Cu, Al2O3 and
TiO2 is displayed in figure 6. In this figure, the higher value of (Rex)−1/2Nux is
obtained for TiO2 compared to Al2O3 and Cu.
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Figure 16.5: Impact of M on skin friction coefficient
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Figure 16.6: Impact of different nanoparticles on local Nusselt number

The sample profiles for the velocity and temperature are portrayed in figures
7 to 10 for different effects, namely magnetic field M and thickness of the needle
c. As we can see, all the profiles obtained has complied the boundary conditions
(16.9) asymptotically with various shapes of graphs. It is worth knowing that these
profiles are plotted to confirm the numerical results gained for the present study and
to show the appearance of the dual solutions.
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Figure 16.7: Impact of M on dual velocity profiles
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Figure 16.8: Impact of M on dual temperature profiles
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Figure 16.9: Impact of c on dual velocity profiles
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Figure 16.10: Impact of c on dual temperature profiles

The main purpose to carried out the stability analysis is to know whether the
solution is stable or not by depending on the smallest eigenvalues γ. By considering
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the linear eigenvalue equations (16.19) and (16.20) with the conditions (16.21), we
can compute the values of γ via bvp4c solver in MATLAB. Table 1 displays the
minimum eigenvalues for a few values of M and ε when φ = c = 0.1 for Cu-water.
The table presents that for upper branch solutions, the positive value of γ is obtained.
This means that there exist an initial deteriorate of disturbances and the system is
linearly stable. Nevertheless, the lower branch solutions give the opposite sign of
the eigenvalue which is negative. This simply means that there is an initial growth
of disturbances and the system or solution is unstable.

Table 16.1: Smallest eigenvalues γ for several values of M and ε for

Cu-water when φ = c = 0.1

M ε Upper branch Lower branch

0 -3.4305 0.0076 -0.0075
-3.4302 0.0110 -0.0108
-3.43 0.0127 -0.0125

0.01 -3.2408 0.0069 -0.0068
-3.2404 0.0109 -0.0108
-3.24 0.0139 -0.0136

0.02 -3.0464 0.0042 -0.0041
-3.046 0.0089 -0.0088
-3.04 0.0321 -0.0306

16.5 Concluding Remarks

In this study, the numerical solution is obtained for the boundary layer flow of
incompressible nanofluid around a slender needle. The significant impacts of the
flow and heat transfer for various physical parameters are concluded below:

� The appearance of dual solutions is noticed when the needle moves in the
reverse way of fluid flow (ε < 0).

� The decrement in magnetic parameter and needle thickness expand the region
of the solutions gained.

� In stability analysis, the solutions for the upper branch represents the stable
flow, whereas for the lower branch represents an unstable solution.

� Increases the magnetic parameter and needle thickness cause the skin friction
coefficient to diminish, whereas the opposite trend is noticed for higher values
of nanoparticle volume fraction parameters.

� The reduced Nusselt number decreases for higher magnetic field and needle
thickness.

� Titania obtained the highest magnitude of the local Nusselt number, while
alumina obtained the highest skin friction coefficient.
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Abstract

This paper focuses on the mathematical formulation for the stability analysis of an
unsteady three-dimensional boundary layer flow past a permeable stretching/shrink-
ing sheet. Similarity transformation is used to reduce the governing system of
nonlinear partial differential equations into a system of ordinary differential equa-
tions. These equations are then solved numerically by using the “bvp4c” function
in MATLAB. Multiple solutions are found for a certain range of the governing pa-
rameters. The stability of the solutions obtained is analyzed to determine which
solution branch is stable and physically realisable.

Keywords: boundary layer; multiple solutions; stability analysis; stretching/shrink-
ing sheet; three-dimensional unsteady flow; bvp4c.

17.1 Introduction

The study of viscous flow and heat transfer due to stretching sheet has many applica-
tions in industrial and manufacturing prosesses, such as extrusion, wire drawing, hot
rolling and others. Sakiadis [1,2] was the first to consider the problem of boundary
layer flow over a stretching sheet. Later, his work is verified by Tsou et al. [3] and
extended by Crane [4] for the two-dimensional problem. McLeod and Rajagopal [5]
discussed the uniqueness of the exact analytical solution presented in [4], while Gupta
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and Gupta [6] extended [4] by investigating the effect of heat and mass transfer over
a stretching sheet subject to suction or blowing. The problem in [2] was extended by
Wang [7] to a three-dimensional flow due to a stretching flat surface. More studies
regarding flow over a stretching sheet or surface can be found in the literature, such
as Banks [8]; Rajagopal et al. [9]; Chen and Char [10]; Magyari and Keller [11, 12];
Nadeem et al. [13]; Bhattacharyya and Layek [14]; Mabood et al. [15] and recently;
Turkyilmazoglu [16]; Wu [17]; El-Mistikawy [18] and Shamshuddin et al. [19] among
others.

Recently, the study of flow due to shrinking sheet, where the velocity of the
boundary is moving towards a fixed point, have become significantly important in
the industry. This new type of flow is essentially a backward flow, as described by
Goldstein [20]. Miklavcic and Wang [21] were the first to investigate the viscous flow
over a shrinking sheet, followed by Fang et al. [22], who studied the viscous flow
over an unsteady shrinking sheet with mass transfer. These authors have shown
that from physical point of view, vorticity of the shrinking sheet is not confined
within a boundary layer, and the flow is unlikely to exist unless adequate suction or
injection on the boundary is imposed. Later, the study regarding shrinking sheet are
extended and investigated for various types of fluid and physical properties. Hayat
et al. [23] investigated the three-dimentional rotating flow induced by a shrinking
sheet for suction, while Aman and Ishak [24] studied the flow and heat transfer
over a permeable shrinking sheet with partial slip. Next, Rohni et al. [25] studied
the flow and heat transfer at a stagnation-point over an exponentially shrinking
vertical sheet with suction, while Rahman et al. [26] solved the problem of steady
boundary layer flow of a nanofluid past a permeable exponentially shrinking surface
with convective surface condition using Buongiorno’s model. The study of heat and
mass transfer flow due to permeable shrinking sheet with radiation was done by Mat
Yasin et al. [27]. Recently, Mishra et al. [28] studied the free convective micropolar
fluid flow and heat transfer over a shrinking sheet while Goyal et al. [29] discussed
the heat and mass transfer of free convective micropolar fluid over a shrinking sheet.

Besides [22], all studies mentioned above consider the steady state problem,
where the velocity and other properties such as pressure at every point do not de-
pend upon time. Steady flow is preferred by engineers because it is easier to control.
However, the study of unsteady boundary layer flow is much more important, be-
cause all boundary layer problems that occur in real-world practice are depending
on time. Surma Devi et al. [30] discussed the flow, heat and species transport
due to the unsteady, three-dimensional flow caused the stretching of a flat surface.
Wang [31] investigated the exact solutions of the unsteady Navier-Stokes equations.
The unsteady boundary layer flow due to a stretching surface in a rotating fluid
has been studied by Nazar et al. [32]. Besides, Roşca and Pop [33] investigated
the unsteady viscous flow over a curved stretching/shrinking surface with mass suc-
tion. Next, the study of unsteady nanofluid flow and heat transfer using Buongiorno
model was explained by Sheikholeslami et al. [34] while the unsteady heat and mass
transfer of nanofluid flow was studied by Khan and Azam [35]. Very recently, Khan
et al. [36] explained the unsteady three-dimensional nanofluid flow with heat and
mass transfer while Waini et al. [37] solved the unsteady flow and heat transfer past
stretching/shrinking sheet in a hybrid nanofluid.

The purpose of this paper is to study the boundary layer flow due to the un-
steady, three-dimensional laminar flow of a viscous fluid caused by a permeable
stretching/shrinking sheet. The governing partial differential equations (PDE) are
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transformed into a system of ordinary differential equations (ODE) by using an
appropriate similarity transformation, and then solved numerically with “bvp4c”
function in MATLAB. Stability analysis is performed to determine the stability of
the multiple solutions obtained.

17.2 Problem Formulation

17.2.1 The Governing Equations

In this study, we consider the unsteady three-dimensional boundary layer flow of
a viscous fluid past a permeable stretching/shrinking flat surface in an otherwise
quiescent fluid. A locally orthogonal set of coordinates (x, y, z) is chosen with the
origin O in the plane of the shrinking sheet. The x− and y−coordinates are in
the plane of the shrinking sheet, while the z−coordinate is measured in the per-
pendicular direction to the shrinking surface. It is assumed that the flat surface is
stretching/shrinking continuously in both x− and y−directions with the velocities
u(x, t) = uw(x, t) and v(y, t) = vw(y, t), respectively. It is also assumed that the
mass flux velocity is w = w0(t), where w0(t) < 0 is for suction and w0(t) > 0 is
for injection or withdrawal of the fluid. Under these conditions, the boundary layer
equations are expressed as [30]

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (17.1)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= ν

∂2u

∂z2
, (17.2)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= ν

∂2v

∂z2
, (17.3)

along with the initial and boundary conditions

t < 0 : u(x, y, z) = 0, v(x, y, z) = 0, w(x, y, z) = 0 for any x, y, z,

t ≥ 0 : u = uw(x, t) =
λax

1− αt
, v = vw(y, t) =

λby

1− αt
,

w(t) =
w0√

1− αt
at z = 0,

u(x, y, z)→ 0, v(x, y, z)→ 0 as z →∞,

(17.4)

where u, v and w are the velocity components along the x−, y− and z−axes, re-
spectively, t is the time, a and b are positive constants, α is the parameter showing
the unsteadiness of the problem, ν is the kinematic viscosity of the fluid and λ is
the stretching (λ > 0) or shrinking (λ < 0) parameter.

17.2.2 The Similarity Transformation

Following [30], we now introduce the following similarity variables

u =
ax

1− αt
f ′(η), v =

by

1− αt
g′(η),

w = −
√

aν

1− αt
(f(η) + cg(η)) , η =

√
a/ν

1− αt
z,

(17.5)
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where primes denote the differentiation with respect to η. Substituting the similarity
variables (17.5) into Eqs. (17.1)-(17.3), it is found that (17.1) is satisfied, while Eqs.
(17.2) and (17.3) are reduced to the following ordinary differential equations

f ′′′ + (f + cg) f ′′ − f ′2 − β
(
f ′ +

η

2
f ′′
)

= 0, (17.6)

g′′′ + (f + cg) g′′ − cg′2 − β
(
g′ +

η

2
g′′
)

= 0, (17.7)

and the boundary conditions (17.4) become

f(0) = s, g(0) = 0, f ′(0) = λ, g′(0) = λ,

f ′(η)→ 0, g′(η) = 0 as η →∞,
(17.8)

where c = b
a is the ratio of the surface velocity gradients along the y- and x- direc-

tions, s = −1−αt√
aν
w0(t) is the surface mass transfer parameter with s > 0 for suction

and s < 0 for injection, and β = α
a is the unsteadiness parameter.

17.2.3 The Quantities of Physical Interest

The quantities of physical interest are the local skin friction coefficients Cfx and
Cfy, which are defined as

Cfx =
2τwx
ρu2

w

, Cfx =
2τwy
ρv2
w

, (17.9)

where τwx and τwy are the shear stresses in the x− and y−directions of the shrinking
sheet, which are given by

τwx = µ

(
∂u

∂z

)
z=0

, τwy = µ

(
∂v

∂z

)
z=0

, (17.10)

Substituting (17.5) into (17.10) and using (17.9), we obtain

Re1/2
x Cfx = 2f ′′(0), Re1/2

y Cfy = 2g′′(0), (17.11)

where Rex = uw(x, t)x/νf and Rey = vw(y, t)y/νf are the local Reynolds numbers
based on the velocities uw(x, t) and vw(y, t), respectively.

17.3 Stability Analysis

In the previous section, we have mentioned about the existence of dual solutions,
which categorized as upper branch for first solution, and lower branch for second
solution. Weidman et al. [38] and Roşca and Pop [39] have shown in their papers
that the second (lower branch) solutions are unstable, while the first (upper branch)
solutions are stable and physically realizable. The stability of both branches can be
shown by performing a stability analysis which is important in order to determine
which solution is physically useful in practice since the existence of the non-unique
solutions of the problem. Thus, this can be helpful for engineers to save more time
in deciding which solution is practically meaningful for them. This analysis has also
been done by previous researchers, such as Merkin [40], Weidman and Sprague [41],
Mahapatra and Nandy [42], Nazar et al. [43], Naga et al. [44], Bakar et al. [45],
Hamid et al. [46] and others.
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Following [38], a new dimensionless time variable τ is introduced. The use of
τ is associated with an initial value problem and is consistent with the question of
which solution or branch will be obtained in practice (physically realizable).

Therefore, based on (17.5) and τ , we introduce the following new similarity
variables

u =
ax

1− αt
f ′ (η, τ) , v =

by

1− αt
g′ (η, τ) , η =

√
a

ν (1− αt)
z,

w = −
√

aν

1− αt
(f (η, τ) + cg (η, τ)) , τ =

at

1− αt
,

(17.12)

By differentiating (17.12), we have the following

∂η

∂t
=

α

1− αt
η

2
,
∂τ

∂t
=

a

(1− αt)2 ,

∂u

∂t
=

a2x

(1− αt)2

[
α

a

η

2

∂2f

∂η2
+

1

1− αt
∂2f

∂η∂τ
+
α

a

∂f

∂η

]
,

∂v

∂t
=

aby

(1− αt)2

[
α

a

η

2

∂2g

∂η2
+

1

1− αt
∂2g

∂η∂τ
+
α

a

∂g

∂η

]
,

∂u

∂x
=

a

1− αt
∂f

∂η
,
∂v

∂x
= 0,

∂u

∂y
= 0,

∂v

∂y
=

b

1− αt
∂g

∂η
,

∂u

∂z
=

ax

1− αt

√
a

ν (1− αt)
∂2f

∂η2
,
∂v

∂z
=

by

1− αt

√
a

ν (1− αt)
∂2g

∂η2
,

∂2u

∂z2
=

ax

1− αt
a

ν (1− αt)
∂3f

∂η3
,
∂2v

∂z2
=

by

1− αt
a

ν (1− αt)
∂3g

∂η3
,

(17.13)

Substituting (17.13) into (17.2) and (17.3) yield the following

∂3f

∂η3
+ (f + cg)

∂2f

∂η2
−
(
∂f

∂η

)2

− β
(
∂f

∂η
+
η

2

∂2f

∂η2

)
− 1

1− αt
∂2f

∂η∂τ
= 0, (17.14)

∂3g

∂η3
+ (f + cg)

∂2g

∂η2
− c
(
∂g

∂η

)2

− β
(
∂g

∂η
+
η

2

∂2g

∂η2

)
− 1

1− αt
∂2g

∂η∂τ
= 0, (17.15)

along with the boundary conditions

f (0, τ) = s, g (0, τ) = 0,
∂f

∂η
(0, τ) = λ,

∂g

∂η
(0, τ) = λ, (17.16)

∂f

∂η
(η, τ)→ 0,

∂g

∂η
(η, τ)→ 0 as η →∞. (17.17)

To test the stability of the steady flow solution f(η) = f0(η) and g(η) = G0(η)
satisfying the boundary-value problem (17.1)-(17.4), we write [38,39]

f(η, τ) = f0(η) + e−στF (η, τ), g(η, τ) = g0(η) + e−στG(η, τ), (17.18)

where σ is an unknown eigenvalue parameter, while F (η, τ) and G(η, τ) are small
relatives to f0(η) and g0(η). By differentiating (17.18), we have

∂

∂η
f(η, τ) = f ′0(η) + e−στ

∂

∂η
F (η, τ),
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∂2

∂η2
f(η, τ) = f ′′0 (η) + e−στ

∂2

∂η2
F (η, τ),

∂3

∂η3
f(η, τ) = f ′′′0 (η) + e−στ

∂3

∂η3
F (η, τ),

∂2

∂η∂τ
f(η, τ) = −σe−στ ∂

∂η
F (η, τ)e−στ

∂2

∂η∂τ
F (η, τ),

∂

∂η
g(η, τ) = g′0(η) + e−στ

∂

∂η
G(η, τ),

∂2

∂η2
g(η, τ) = g′′0(η) + e−στ

∂2

∂η2
G(η, τ),

∂3

∂η3
g(η, τ) = g′′′0 (η) + e−στ

∂3

∂η3
G(η, τ),

∂2

∂η∂τ
g(η, τ) = −σe−στ ∂

∂η
G(η, τ) + e−στ

∂2

∂η∂τ
G(η, τ).

Substituting above into (17.14) and (17.15) gives

∂3F

∂η3
+ f0

∂2F

∂η2
+ f ′′0 F + cg0

∂2F

∂η2
+ cf ′′0G−

(
2f ′0 − (1 + βτ)σ

) ∂F
∂η

−β
(
∂F

∂η
− η

2

∂2F

∂η2

)
− (1 + βτ)

∂2F

∂η∂τ
= 0, (17.19)

∂3G

∂η3
+ f0

∂2G

∂η2
+ (F + cG) g′′ + cg0

∂2G

∂η2
−
(
2cg′0 − (1 + βτ)σ

) ∂G
∂η

−β
(
∂G

∂η
+
η

2

∂2G

∂η2

)
− (1 + βτ)

∂2G

∂η∂τ
= 0, (17.20)

Meanwhile, substituting above into boundary conditions (17.16) and using (17.8)
gives

f (0, τ) = s,

f0(0) + e−στF (0, τ) = s,

(f0(0)− s) + e−στF (0, τ) = 0,

e−στF (0, τ) = 0,

F (0, τ) = 0.

g (0, τ) = 0,

g0(0) + e−στG(0, τ) = 0,

e−στG(0, τ) = 0,

G(0, τ) = 0.

∂f

∂η
(0, τ) = λ,

f ′0(0) + e−στ
∂

∂η
F (0, τ) = λ,(

f ′0(0)− λ
)

+ e−στ
∂

∂η
F (η, τ) = 0,

e−στ
∂

∂η
F (η, τ) = 0,

∂

∂η
F (η, τ) = 0.

∂g

∂η
(0, τ) = λ,

g′0(0) + e−στ
∂

∂η
G(0, τ) = λ,(

g′0(0)− λ
)

+ e−στ
∂

∂η
G(η, τ) = 0,

e−στ
∂

∂η
G(η, τ) = 0,

∂

∂η
G(η, τ) = 0.
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∂f

∂η
(η, τ)→ 0,

f ′0(η) + e−στ
∂

∂η
F (η, τ)→ 0,

e−στ
∂

∂η
F (η, τ)→ 0,

∂

∂η
F (η, τ)→ 0.

∂g

∂η
(η, τ)→ 0,

g′0(η) + e−στ
∂

∂η
G(η, τ)→ 0,

e−στ
∂

∂η
G(η, τ)→ 0,

∂

∂η
G(η, τ)→ 0.

Together, they form the following boundary condition

F (0, τ) = 0, G(0, τ) = 0,
∂

∂η
F (η, τ) = 0,

∂

∂η
G(η, τ) = 0,

∂

∂η
F (η, τ)→ 0,

∂

∂η
G(η, τ)→ 0 as η →∞.

(17.21)

Furthermore, we investigate the stability of the steady flow f0(η) and g0(η) by setting
η = 0 [38]. Hence, F (η) = F0(η) and G(η) = G0(η) in Eqs. (17.19) and (17.20)
identify the initial growth or decay of the solution (17.18). To test our numerical
procedure, we then solve the linear eigenvalue problem

F ′′′0 + (f0 + cg0)F ′′0 + (F0 + cG0) f ′′0 −
(
2f ′0 − σ

)
F ′0

−β
(
F ′0 −

η

2
F ′′0

)
= 0, (17.22)

G′′′0 + (f0 + cg0)G′′0 + (F0 + cG0) g′′0 −
(
2cg′0 − σ

)
G′0

−β
(
G′0 +

η

2
G′′0

)
= 0, (17.23)

along with the following boundary conditions:

F0(0) = 0, F ′0(0) = 0, G0(0) = 0, G′0(0) = 0,

F ′0(η)→ 0, G0(η)→ 0 as η →∞.
(17.24)

For particular values of the governing parameters involved, such as β, S and λ,
the stability of the corresponding steady flow solution f0(η) and g0(η) are determined
by the smallest eigenvalue σ. Solutions of the linear eigenvalue problem (17.22) and
(17.23) give an infinite set of eigenvalues σ1 < σ2 < σ3 < . . . ; if the smallest
eigenvalue σ1 is positive (σ1 ≥ 0) , then there is an initial decay of disturbances and
the flow is stable, and if σ1 is negative (σ1 < 0) , then there is an initial growth of
disturbances, which indicates that the flow is unstable.

Harris et al. [47] suggested that the range of possible eigenvalues can be obtained
by relaxing a boundary condition on F0(η) or G0(η). In this paper, we relax the
condition G′0(η) → 0 as η → ∞ and for a fixed value of σ, we solve the system
of equations (17.22) and (17.23) subject to the boundary conditions (17.24), along
with the new boundary condition G′′0(0) = 1.

17.4 Results and Discussion

The system of nonlinear ordinary differential equations (17.6)-(17.7) subject to the
boundary conditions (17.8) were solved numerically using the “bvp4c” function in
MATLAB [48, 49]. The numerical results for the reduced skin friction coefficients
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obtained in this study are compared with those of Surma Devi et al. [30] for valida-
tion. The comparisons, which is displayed in Table 17.1, are found to be in excellent
agreement, and thus we are confident that the present numerical method is accurate.

Table 17.1: Numerical comparison with [30] when c = 1, S = 0 and boundary
conditions f ′(0) = 1, g′(0) = 0.5.

[30] Present result
β −f ′′(0) −g′′(0) −f ′′(0) −g′′(0)

1 1.3814 0.6261 1.3814 0.6261
0.5 1.2407 0.5480 1.2407 0.5480
0 1.0931 0.4652 1.0931 0.4652
−0.5 0.9430 0.3809 0.9430 0.3809
−1 0.7912 0.2956 0.7912 0.2956

Table 17.2: Dual solutions of f ′′(0) and g′′(0) for different values of β when S = 2.5,
λ = −1 and c = 0.5

Upper branch Lower branch
β f ′′(0) g′′(0) f ′′(0) g′′(0)

0 1.7824 1.9493 0.8315 1.6452
−2 0.9787 1.2405 −0.5351 0.5270
−4 0.1010 0.4846 −1.4710 −0.3242
−6 −0.8830 −0.3362 −2.1985 −1.0453
−8 −2.2062 −1.3536 −2.5299 −1.5334

Dual solutions in this study are obtained by setting 2 different initial guesses for
the missing values of f ′′(0) and g′′(0). Table 17.2 displays both first (upper branch)
and second (lower branch) solutions of f ′′(0) and g′′(0) for different values of β when
S = 2.5, λ = −1 and c = 0.5. It can be observed that the values of f ′′(0) and g′′(0)
from the upper branch are decreasing with the decrease of β, up until they have
reach zero and become negative. This implies that there is velocity overshoot near
the shrinking sheet with a higher velocity in the fluid than the wall velocity [22].
Meanwhile, different trend can be seen for the lower branch, where the values keep
decreasing, and then increase as β is getting closer to −8. This trend can also be
seen in Figs. 17.1 and 17.2, which also show that the solutions of f ′′(0) and g′′(0)
can be positive for both branches when the value of suction parameter S is small
(S < 2.4). Furthermore, it can also be seen that the solutions keep decreasing with
the decrease of β and S.
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Figure 17.1: Variation of f ′′(0) with β for different values of S when c = 0.5 and
λ = −1
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Figure 17.2: Variation of g′′(0) with β for different values of S when c = 0.5 and
λ = −1

Figs. 17.1-17.4 represent the solution domain for Eqs. (17.6)-(17.7) with bound-
ary conditions (17.8). From these figures, it can be seen that there are two (dual)
solutions for each f ′′(0) and g′′(0), and they exist for a certain range of β and λ.
When β and λ equal to a certain value, say β = βc and λ = λc, where βc and λc
are the critical values of β and λ, respectively, there is only one solution. There is
no solution when the values of β and λ are less than their critical values, beyond
which the boundary layer separates from the surface (which is known as boundary
layer separation) and the solution based upon the boundary layer approximations
are not possible. From these figures, we notice that the upper branch solution is
always larger than the lower branch solutions for the same value of β and λ, which
is consistent with the numerical results displayed in Table 17.2.
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Figure 17.3: Variation of f ′′(0) with λ for different values of β when c = 0.5 and
S = 3
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Figure 17.4: Variation of g′′(0) with λ for different values of β when c = 0.5 and
S = 3

Figure 17.5: Velocity profiles f ′(η) for different values of S when β = −1, c = 0.5
and λ = −1
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Figure 17.6: Velocity profiles g′(η) for different values of S when β = −1, c = 0.5
and λ = −1

Further, velocity profiles f ′(η) and g′(η) for some values of S when β = −1,
λ = −1 and c = 0.5 are illustrated in Figs. 17.5 and 17.6, respectively. The
boundary layer thicknesses from both figures are seen to be smaller with higher
values of S, which happened because suction reduces drag force to avoid boundary
layer separation. We also notice that the boundary layer thickness for the lower
branch solution is larger than the upper branch solution. Both of these profiles
satisfy the far field boundary conditions (17.8) asymptotically, which support the
validity of the numerical results obtained and the existence of the dual solutions
shown in Figs. 17.1-17.4 and Table 17.2.

Table 17.3: Smallest eigenvalues σ1 for several values of β and S when c = 0.5 and
λ = −1

β S σ1 (Upper branch) σ1 (Lower branch)

−3 2.44 0.2415 −0.2358
2.5 0.8146 −0.7548
2.6 1.3421 −1.1924

−10 2.52 0.3617 −0.3569
2.55 0.9406 −0.9091
2.6 1.4857 −1.4097

To determine the stability of the dual solutions obtained, a stability analysis is
performed by determining an unknown eigenvalue σ on Eqs. (17.22)-(17.23) along
with the boundary conditions (17.24). This analysis was done by using the same
numerical computation used in this study, which is “bvp4c” function. The smallest
eigenvalue for some values of β and S when c = 0.5 and λ = −1 are presented in
Table 17.3. It can be observed that the upper branch solutions have positive σ while
the lower branch solutions have negative σ. Thus, we conclude that the first (upper
branch) solution is stable and physically realizable while the second (lower branch)
solution is not.
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17.5 Conclusion

We have numerically studied the problem of unsteady three-dimensional boundary
layer flow of a viscous fluid past a permeable stretching/shrinking sheet. The gov-
erning system of nonlinear partial differential equations are reduced to a system of
ordinary differential equations by using similarity transformation, and then solved
numerically using “bvp4c” function in MATLAB. A comparison has been made with
previous literature and it shows an excellent agreement. Dual solutions are found for
both stretching and shrinking cases when suction parameter The solutions for lower
branch is always smaller than the upper branch. The magnitude of reduced skin
friction coefficients are found to increase with the increase of suction parameters
and the decrease of unsteadiness parameter. The boundary layer thicknesses are
seen to be smaller with higher values of suction parameter. A stability analysis was
performed to determine the stability of the dual solutions obtained, and it can be
concluded that the first (upper branch) solution is stable and physically realizable,
while the second (lower branch) solution is unstable.
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